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Abstract. A dynamic pushdown network (DPN) is a set of pushdown systems (PDSs) where each process can
dynamically create new instances of PDSs. DPNs are a natural model of multi-threaded programs with (possibly
recursive) procedure calls and thread creation. Thus, it is important to have model checking algorithms for DPNGs.
We consider in this work model checking DPNs against single-indexed LTL and CTL properties of the form A f;
such that f; is a LTL/CTL formula over the PDS i. We consider the model checking problems w.r.t. simple
valuations (i.e., whether a configuration satisfies an atomic proposition depends only on its control location)
and w.r.t. regular valuations (i.e., the set of the configurations satisfying an atomic proposition is a regular set
of configurations). We show that these model checking problems are decidable. We propose automata-based
approaches for computing the set of configurations of a DPN that satisfy the corresponding single-indexed
LTL/CTL formula.
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1. Introduction

Multithreading is a commonly used technique for modern software. However, multithreaded programs are known
to be error prone and difficult to analyze. Dynamic pushdown networks (DPN) [BMOTO05] are a natural model of
multi-threaded programs with (possibly recursive) procedure calls and thread creation. A DPN consists of a finite
set of pushdown systems (PDSs), each of them models a sequential program (process) that can dynamically create
new instances of PDSs. Therefore, it is important to investigate automated methods for verifying DPNs. While
existing works concentrate on the reachability problem of DPNs [BMOTO0S5, Lugll, LMOW09, GLMO+11,
LMOO07, Wenl0], model checking for the linear temporal logic (LTL) and the computation tree logic (CTL)
which can describe more interesting properties of program behaviors has not been tackled yet for DPNs.
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In general, the model checking problem is undecidable for double-indexed properties, i.e., properties where
atomic propositions are interpreted over the control states of two or more threads [KGO06]. This undecidability
holds for pushdown networks even without thread creation. To obtain decidable results, in this paper, we consider
single-indexed LTL and CTL model checking for DPNs, where a single-index LTL or CTL formula is a formula
of the form /\ f; such that f; isa LTL/CTL formula over the PDS i. A DPN satisfies /\ f; iff every PDS i that runs
in the network satisfies the subformula f;. We first consider LTL model checking for DPNs with simple valuations
where whether a configuration of a PDS i satisfies an atomic proposition depends only on the control state of
the configuration. Then, we consider LTL model checking for DPNs with regular valuations where the set of
configurations of a PDS satisfying an atomic proposition is a regular set of configurations. Finally, we consider
CTL model checking for DPNs with simple and regular valuations. We show that these model checking problems
are decidable. We propose automata-based approaches for computing the set of configurations of a DPN that
satisfy the corresponding single-indexed LTL/CTL formula.

It is non-trivial to do LTL/CTL model checking for DPNs, since the number of instances of PDSs can be
unbounded. Checking independently whether all the different PDSs satisfy the corresponding subformula f; is
not correct. Indeed, we do not need to check whether an instance of a PDS j satisfies f; if this instance is not
created during a run. To solve this problem, we extend the automata-based approach for standard LTL/CTL
model checking for PDSs [BEM97, EKS03, EHRSO00, ST11]. For every process i, we compute a finite automaton
A,; recognizing all the configurations from which there exists a run o of the process ¢ that satisfies f;. A; also
memorizes the set of all the initial configurations of the instances of PDSs that are dynamically created during the
run o. Then, to check whether a DPN satisfies a single-indexed LTL/CTL formula, it is sufficient to check whether
the initial configurations of the processes are recognized by the corresponding finite automata and whether the
set of generated instances of PDSs that are stored in the automata also satisfy the formula. This condition is
recursive. To solve it, we compute the largest set Dy, of the dynamically created initial configurations that satisfy
the formula f. Then, to check whether a DPN satisfies f, it is sufficient to check whether the initial configurations
of the different processes are recognized by the corresponding finite automata and whether the dynamically
created initial configurations that are stored in the automata are in Dy, .

To compute the finite automata A; s, we extend the automata-based approaches for standard LTL [BEM97,
EHRS00, EKS03] and CTL [ST11] model checking for PDSs. For every i, 1 < ¢ < n, we construct a Biichi
Dynamic PDS (resp. alternating Biichi Dynamic PDS) which is a synchronization of the PDS ¢ and the LTL
(resp. CTL) formula f;. Biichi Dynamic PDS (resp. alternating Biichi Dynamic PDS) is an extension of Biichi
PDS (resp. alternating Biichi PDS) with the ability to create new instances of PDSs during the run. The finite
automata A;s we are looking for correspond to the languages accepted by these Biichi Dynamic PDSs (resp.
alternating Blichi Dynamic PDSs). Then, we show how to solve these language problems and compute the finite
automata A;s.

Related work. The DPN model was introduced in [BMOTO05]. Several other works use DPN and its extensions to
model multi-threaded programs [BMOTO05, GLMO+11, LMOWO09, Lugl1, Wen10]. All these works only consider
reachability issues. Ground Tree Rewrite Systems [GL11] and process rewrite systems [BKRS09, May00] are two
models of multi-threaded programs with procedure calls and threads creation. However, [May00] only considers
reachability problem and [GL11, BKRS09] only consider subclasses of LTL. We consider LTL and CTL model
checking problems.

Pushdown networks with communication between processes are studied in [BET03, CCK+06, ABT08, TA10].
These works consider systems with a fixed number of threads. [LMO07, LMOO08] use parallel flow graphs to model
multi-threaded programs. However, all these works only consider reachability. [YahO1] considers safety properties
of multi-threaded programs.

[KG06, KG07, KIGO05] study single-index LTL/CTL and double-indexed LTL model checking problems for
networks of pushdown systems that synchronize via a finite set of nested locks. [KLTRO09] considers model
checking on properties that are expressed in a kind of finite automata for such networks of pushdown systems.
These works don’t consider dynamic threads creation.

Outline. Section 2 gives the basic definitions. Sections 3 and 4 show LTL model checking for DPNs with simple
valuations and regular valuations, respectively. Section 5 shows CTL model checking for DPNs. We conclude in
Sect. 6.

This paper is the full version of the paper [ST13]. In this full version, we add the proofs of theorems and the
technical details of the results on single-indexed LTL model checking with regular valuations.
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void main(){ void worker(Socket s){
lo:  Socket sSocket= new Socket(445); I{, : String str=null;
[+ Socket cSocket=null; I} : Resource res==s.readLine();
lo:  while(true){ Iy o if (str=="%req” ){
I3 cSocket=sSocket.accept() l5: // prepare response for regq
ly: new Thread(worker,cSocket); Iy . s.send(“ack”); }
l5 if (cond) break; } 1L if (str=="%req'”){
lg: return; } lg /] prepare response for req

I%: s.send(“ack’); }
I+ s.close ();
l§ : return; }

Fig. 1. A simplified concurrent server program, where k. ..., l, [, ..., ly are program control points

2. Preliminaries
2.1. Dynamic pushdown networks

Definition 2.1 A Dynamic Pushdown Network (DPN) M is a set {Py, ..., P,} such that forevery i, 1 < i < n,
P; = (P;, Ty, A;) is a dynamic pushdown system (DPDS), where P; is a finite set of control locations such that
P, N P; = @ for k # i, T'; is the stack alphabet, and A; is a finite set of transition rules in the following forms:
(@) gy = piw; or (b) gy — piw1 > prw; such that ¢, p1 € P,y € Ty, w1 € T}, ppann € Pj % r; for some
J, 1<j<n.

A global configuration of M is a multiset G over |J;_, P; x T';. Each element g € P; x I'; N G denotes
that an instance of P; running in parallel in the network is at the local configuration qw, i.e., P; is at the control
location ¢ and its stack content is w. If o = yu for y € I'; and there is in A; a transition (a) qy < piw
or (b) gy <= piwi > prws such that ppwy, € P; x I';, then the instance of P; can move from gw to the
control location p; and replace y by w; at the top of its stack, i.e., P; moves to pjw;u. The other instances
in parallel in the network stay at the same local configurations. In addition, if the transition (b) is used for
moving to pjwiu, then a new instance of P; starting from prw» is created. Formally, a DPDS P; induces an
immediate successor relation = ; as follows: for every w € I'}, if gy — piw; € A;, then gyow =; piwjw; if
qy <= pio) > mwy € Ay, then gyw =, piojo > {prws}. To unify the presentation, if gy =—; piow, we
sometimes write gyw =, piwjw > @ instead. The transitive and reflexive closure of =, is denoted by = .
Formally, for every pw € P; x I'}, po =7 pw > @; and if po =; piw; > D and pjw; =] prwy > D, then
pw =% prwy > Dy U Dy. =7 is defined as usual.

A DPDS P; can be seen as a pushdown system (PDS) with the ability of dynamically creating new instances
of PDSs. The initial local configuration of a newly created instance is called DCLIC (for Dynamically Created
Local Initial Configuration).

A local run of an instance of P; from a local configuration ¢ is a sequence of local configurations ¢yc; . .. over
P; x I'f such that forevery j > 0, ¢; = ¢;+1 > D for some D. A global run p of M from a global configuration
G is a (potentially infinite) set of local runs. Initially, p contains exactly the local runs starting from the local
configurations in G. Whenever a DCLIC c is created by some local run of p, a new local run starting from c is
added into p. Forevery i, 1 < i < n,let p(o) = i iff o is a local run of an instance of P;, and p(pw) = p(p) = i
iff p e P,. Let D; = {prawn € Ui, Pi x T} | qy = piowy > pwn € A;} be the set of potential DCLICs of the
DPDS P;.

Example 2.1 Let us consider the simplified concurrent server program shown in Fig. 1. The main process creates
a socket object sSocket to listen on the port 445 and waits for requests from clients. When a request (connection)
arrives from a client, the main process creates a new process that runs worker with the parameter cSocket, and
then continues listening on the port 445 if cond is true (otherwise terminates). The process worker accepts a
connection s from the main process and processes it and reads the request. If it receives req (resp. req’) from the
client, then it prepares the response and sends ack (resp. ack’). Later, it closes the connection by invoking close(')
and this process terminates. Otherwise, it closes the connection directly. This program has an unbound number
of processes of Worker. We can construct a DPN to model this program. Let M = (P;, P,) be the DPN such that
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fori e (1,2}, P; = (P;, Ty, A;), where P; = {p;}, 1 ={b, ..., s}, T2 = {{, ..., §}, Ay and A; are as follows.

A= pilo = pily, pili = pib,  prh <= pil,  pih <= pracceptyly,
pils = pils > poly,  pils = pils, pils = pib,  pile = pre.
p2ly = p2li,  p2lf = pareadLinegly,  paly = pals, mb = pols,
Ay =4 bl = ml,  ply = prsendyls, p2ls = polg, mls = polg,
p2ly = pbl,  p2ly = prsendylg, p2ly = paclosegly,  paly — pre.

where accepty, sendy, closey and readLiney are the entry points of the functions accept, send, close and readLine
respectively. For the sake of simplicity, we do not take the constructor of worker into account. Intuitively, P,
(resp. P,) models the main (resp. worker) process. The runs of M are an over-approximation of the program’s
executions.

2.2. LTL and Biichi automata

From now on, we fix a set of atomic propositions A4 P.

Definition 2.2 The set of LTL formulas is given by (where a € AP):
Voio=al -y | YAy | Xy | YUY

Given an w-word n = apq; ... over 247 let n(k) denote a, and n;, denote the suffix of n starting from ay.
n | ¥ (n satisfies ) is inductively defined as follows: n = a iff a € n(0); n = =y iff n & ¥ n &= Y1 A Yy iff
nE ¥ and n = Yoy n = Xy iff np = ¥ n | ¥ Uy, iff there exists £ > 0 such that n; = v, and for every j,
L<j<ko .

Definition 2.3 A Biichi automaton (BA) Bis a tuple (G, X, 8, ¢°, F') where G is a finite set of states, X is the input
alphabet, 8 C G x ¥ x G is a finite set of transitions, go e @ is the initial state and ' C G is a finite set of
accepting states.

A run of B over an w-word aga; ... is a sequence of states qoq; ... such that ¢y = ¢° and (¢;, &, gi+1) € 6 for
every ¢ > 0. A run is accepting iff it infinitely often visits some states in F'.

It is well-known that given a LTL formula f, one can construct a BA B; such that ¥ = 24” recognizing all
the w-words that satisfy f [VW86].

Example 2.2 Let us consider the program in Example 2.1. One can use single-indexed LTL to express properties
of this program. For instance, let us consider a property of the worker process: “worker replies ack (resp. ack’)
rather than ack’ (resp. ack) for each request req (resp. req’) from each client if this process is created by the main
process”. We can express this property in the LTL formula vr,:

Yy = G((req = F(ack A G—ack’)) A (req’ = F(ack’ A G—ack))),

where req, req’, ack and ack’ are atomic propositions associated to /3, ¢, l;, and [, respectively. It is not correct
that worker replies ack’ (resp. ack) or nothing if it receives req (resp. req’). Also, the main process should have an
execution that always wait for requests from clients and processes every request. Otherwise, this server can serve
only a bound number of requests. We can express this property by the LTL formula v:

Y1 = G F accept,
where accept is an atomic proposition associated to /3. Therefore, we can check the property y; A ¥,. Note that

one cannot check v and v,, independently, since the worker process should satisfy v, only if it is created by the
main process rather than others.
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2.3. Single-indexed LTL for DPNs

Let M = {Py, ..., P,} be a DPN. A single-indexed LTL formula is a formula f of the form A!_, f; ! such that
for every i, 1 < i < n, f; is a LTL formula in which the validity of the atomic propositions depends only on
the DPDS P;. Let A : AP —> 2Ui=i PixT% be a valuation which assigns to each atomic proposition a set of
local configurations. A local run pywopiw; ... of P; satisfies f; iff the w-word g« ... where for every j > 0,
aj = {a € AP | pjo; € A(a)}, satisfies f;. A local configuration c of P; satisfies f; iff P; has a local run o from
¢ that satisfies f;. If D is the set of DCLICs created during the run o, we write ¢ |=p f;. M satisfies f iff it has a
global run p such that for every i, 1 < i < n, each local run of P; in p satisfies the formula f;.

2.4. Multi-automata and predecessors

From now on, we fixa DPN M = {Py, ..., P,} where forevery i, 1 < i < n, P, = (P;,';, A;), and a single-
indexed LTL formula f = A", f;. To check whether M satisfies f is non-trivial. Indeed, it is not correct to check
independently whether each P; satisfies f;. Instead, we need to check whether there exists a global run p from
a global configuration G such that an instance of P; satisfies the formula f; only if it is an instance in G or it
is dynamically created during the run p. Thus, it is important to memorize the set of DCLICs that are created
during a run. To this aim, we introduce the function prep, : 2P*Tix2% 5 2PixTix2% a5 follows. Given a set
UC(P;xT)x 2P, prep,(U) = {(¢, Dy U Dy) | 3¢’ € P; x T'}, such that ¢ =, ¢/ > Dy and (¢/, Dy) € U}.
Intuitively, if P, moves from c to ¢’ and generates the DCLIC D, and (¢, D,) € U, then (¢, D; U Dy) € prep,(U).
The transitive and reflexive closure of prep, is denoted by prep . Formally, given a set U C (P; x I'}) x 2P:,
pre;;L(U) = {(e,DyU D)) | 3¢ € P, x I'}, such that ¢ =} ¢’ > Dyand (¢, D,) € U}. Let pre;I(U) =
prep, (prep,(U)).

To finitely represent (infinite) sets of local configurations of DPDSs and DCLICs generated by DPDSs, we
use Multi-automata and Alternating Multi-automata.

Definition 2.4 An Alternating Multi-automaton (AMA) is a tuple A; = (Q;, I';, 8;, I;, Acc;), where @); is a finite
set of states, I; C (@; is a finite set of initial states corresponding to the control locations of the DPDS P;,
Ace; C Q; is a finite set of final states, §; C (Q; x I';) x 2P x 2% is a finite set of transition rules.

A MA is an AMA A; such that §; C (Q; x I';) x 2P x Q.

We write p LDn {q1, ..., gn}instead of (p, v, D, {q1, ..., gm}) € 8;, where D is a set of DCLICs. We define

the relation —¥C (Q; x I'}) x 2P x 29 as the smallest relation such that: (1) -8 (g} forevery ¢ € Q;, (2)

it g2, (g1, ..., gm) and gs—2L2%% S, forevery k, 1 < k < m, then q%*j Ui, Sk. Let L(A;) be

the set of tuples (pw, D) € P; x T'* x 2P such that p—25% § for some S C Acc;. A set W C Py x T x 2P s
regular iff there exists an AMA A; such that L(A;) = W. A set of local configurations C C P; x I'} is regular
iff C x {@} is a regular set. Here “regular” means that the set of words of the stack contents in a regular set of
configurations C'is a regular language, i.e., the set of words {w € I'} | pw € C'} can be represented by a standard
finite state automaton. In AMAs, the initial states are the control locations of DPDSs, and sets of DCLICs labeled
to transition rules could also be regarded as input characters. Similar as the transformation of alternating finite
state automata to finite state automata by performing a similar kind of powerset construction, given an AMA
A;, we can construct a MA A’ such that L(A;) = L(A)).

Example 2.3 Let us consider the AMA A; = ({p1, p2, q1, @, @3, 4¢}, {01, 2. v3, vat 8, {p1, p2}, {gr}), where § is
shown in Fig. 2a, D; = {pjw|, psw)}. The graph representation of 4; is shown in Fig. 2b. Consider the con-

figuration p;y;y,2y3, we have plwi {qr}. Therefore, (p1y1y2v3, {pjow], Piws}) € L(A;). Consider the

configuration pry1y2y3, it is not accepted by A; for any set of DCLICs. In this example,
L(A) = {(mni1vs vso. {pio). pios}) | i = 1o e T

! A single-indexed LTL formula A", f; denotes the formula A7, Ef;. Formulas of the form \/?_, Ef; can be verified by checking Ef; for
every i, 1 <4 < n. Formulas of the form \/'_; Af; can be verified by checking E—f; for every ¢, 1 < ¢ < n.
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Fig. 2. Graph representation of the AMA of Example 2.3
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Fig. 3. The resulting AMA Afm*

Given a DPDS P; and a regularset W C P; x I'} x 2P+ accepted by a MA A; = (Q;, Iy, 8;, I;, Acc;), we can
construct a MA A”"" = (@, T, 8,, I, Acc;) that exactly accepts prep, (W). W.lo.g., we assume that A; has no

transition leading to an initial state and that P; = I;. A? ™" is constructed by the following saturation procedure
(an adaption of the saturation procedure of [BEM97]).
F _ o1/D y/D .
e Forevery py — piw| € A; and py—=% q, add a new rule p —=; q;
o Forevery py = pioy > pran € A; and pi~228% ¢, add a new rule p L2422 o
The procedure adds only new transitions to A;. Since the number | A; | of transition rules of P; is finite,
DCLICs are fixed by transition rules of the form py < pjw; > prwn, we get that the number of DCLICs is
fixed and finite. Moveover, since the number of states is fixed, the number of possible new transitions is finite.
Thus, the saturation procedure always terminates. We can show that each transition can be processed only once.

Thus, the number of transition rules added into A”™ is at most O(|A;| - |Q;]* -2'”1). The intuition behind this
procedure is that, for every o’ € I'}: suppose py < piw; > prws € A; and the tuple (piwj’, D) is accepted by

the automaton, i.e., plw]—/Di*i qﬂf"i g for some g € Acc; and D = Dy U D,. Then, we add the new transition

rule p L2122l o that allows the automaton to accept (py@’, D U {pran)), i.e., p L2y ) o/ Dge

The case py < pjw; € A; is similar.

Example 2.4 Let us consider the DPDS P; such that A; = {p3y3 <> pi€, pavs =i P3V3Yi, Psys i 3y >

piy4) and the AMA A; as in Example 2.3. The resulting AMA A? ™" is shown in Fig. 3. The saturation procedure
processes as follows.
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o Since p; 2% (1}, the transition rule p3y; < ; pre allows to add p3 225, ().

e The newly added rule ps3 w—/ﬂn {p1} together with psys <, p3ysy1 and p; M)i {q1, ¢} will create the
rule py RILICAN {a1, @}
e Also, the newly added rule p; ”—/ﬂn {p1} together with psys —; p3ys > pjy; will create the rule

ps———; {pi}.
e No new rule can be added, the saturation procedure terminates.

We have the following two lemmas that bridge the successor relation of DPDSs and MAs. For the sake of

simplicity, let ¢ =% ¢ > D denote that the local run of P; moves from c to ¢’ after k steps and creates the

set of DCLICs D. Formally, ¢ =>9 c > @forevery c € P; x I'}, if cﬁf‘lc” > D and ¢"= ;¢ > D>, then

c:,’f ¢ >DyUD,. Let g M’f g denote that the run of an AMA A; can move from the state ¢ to the state g

after adding k number of transition rules into A”"™" .
Lemma 2.1 For every tuple (qu, Dy) € L(A;), if po=="qu > D>, then p-L2Bs o for some final state g of AP,
Proof. Assume po=="*qu > D,. The proof proceeds by induction on k.

e Basis. k = 0. Then, p = ¢, w = u. Since (qu, D) € L(A;), we obtain that ¢ 239 g for some final state g of
A;. This implies that p—-2%* ¢. Note that D, = 9.
e Step. k > 1. Then,

(a) there exist local configurations p'w’ € P; x I'} and ¢'v’ € D, such that

pw :%p’w’ > {q' v}, p’w’zf_lqu > Dy and D, = D3 U {¢'u'},

or

(b) there is a local configuration p’w’ € P; x I'} such that

po =lp'w’ > @Pand p'o’ =" qu > D,.

The proof depends on whether (a) or (b) holds.

— Case (a): By applying the induction hypothesis to p’w’zf‘l qu > Ds, we obtain that

p/-2LPUB o for some final state g.

Since pw =! p'o’ > {¢'u'}, there exist y € T';, w; € I'; and u; € '} such that
w=yw,0 =uyw and py = p'uy > ¢Ju € A;.

Let ¢ be a state of A "™ DyCD, and DsC D, such that

p/ul—/D§*i qlw]—/Dg*ig and D3UD1 :D4UD5.
By applying the saturation procedure to py < p’u; > ¢'u/, we obtain that

» y/{q'vwIUDy . q.

Hence, we get that p L2 w00
w/D1UD, *)

Since w = ywy, D1 U Dy = Dy U D3 U {¢'u'} = Dy U Ds U {q'u'}, we obtain that p——% g.
— Case (b): By applying the induction hypothesis to p’w’ =>ic =1 qu > D>, we obtain that

p/ZLP9B o for some final state g.
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Since pw =>§p’w’ > @, there exist y € I';, w; € I'} and v € I'} such that
w=yw,o =ww and py = p'u € A;.
Let ¢ be a state of A? " D, Dy C D, such that

p/—)ul/Dui q1_>w1/D4*l_ q and D2 ] D1 = D3 @] D4.

By applying the saturation procedure to py < p’u;, we get that

D
IRAEN
Hence, we get that p L2220
Since w = yw;, D; U D, = D3 U D;, we obtain that pM;*i J. .
/D

Lemma 2.2 If p—="% q, then the following two properties hold:

1. %w———js’;pgwéb Dy for a local configuration p'a’ € P; x T'¥, Dy C D; and D, C D; such that p’ M/D? q and
= DU Dy,

2. if q is an initial state, then ' = € and D, = @.

Proof. Assume p -2/5% 4. The proof proceeds by induction on k.

e Basis. £ = 0. Since po==p’'e’ > D; always hold when p = p’, 0 = o', D = Dy = §, D = D,, we obtain
that the property 1 holds. If ¢ is an initial state, since there is no transition leading to an initial state, then
o =e.

o Step. k > 1. Lett = py Mi ¢ be the k" transition rule added into A;. Let j be the number of times that

t is used in pﬂ"i q. The proof proceeds by induction on j.

— Basis. j = 0. Then, p RN f‘l q. By applying the induction hypothesis on &, we obtain that the property
(1) and the property (2) both hold.

— Step.j > 1. Then, thereexist u € I'}, v € I'}, D4 € D; and Ds C D; suchthatw = uyv, D = D3UD4U Ds
and

Dy foe D Ds
U/4i_c1p1 V/siq/v/giq

Since p; is an initial state, by applying the induction hypothesis to pﬂﬁf_l p1, we obtain that

pu ==7}p1€ > Dy. Since the transition rule ¢ is added by the saturation procedure, then, either

(a) there exist p, € P; and wy € I'}, such that pjy — prwr € A; and py wz—/Dilf_l q,

or

(b) there exist py € P;, @y € '}, psw3 € D; and Dg € D; such that D3 = Dg U {p3w3},
/D¢ l—
P1Y < pawn > p3ws € A; and py 2581 g
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Thus, we obtain that either

‘”Z/Déf‘l ¢ 4 [for case (a)],

b2

or

p 2Lk g 21255 g [for case (b)),

2/ Dy ke v/ Ds ,

o 377 g 25 g or p)
. . w/D k . . . . . %

than the derivation of p —/—7 ¢, by applying the induction hypothesis, we obtain that pyw,v=>7p'w’ >

D; and p’ LDX>? g, where either

@2/Dgk—1 ; v/Dsy
i q

Since the derivation of p, % ¢ uses the transition ¢ less often

| D; U Dy = D3 U Ds [for case (a)], |

or

| D7 U Dy = Dg U Ds [for case (b)]. |

As there is no transition rule leading to an initial state, we obtain that if @’ = €, then Dg = @.
Hence, we obtain that either

pw = puyv=">:p1yv > Dy, p1yv =>; prwnv > #and pyoryv=>}p'ew’ > D,
for the case (a),

or

pw = puyv==73p1yv > Ds, p1y v==; pranv > {p3w3} and praonv=7p'e’ > D;
for the case (b).

Thus, we obtain that the properties (1) and (2) hold. Note that D, = Dg, and D; = D4 U Dy [for the case
(a)], D1 = D4y U D; U {psw;3} [for the case (b)]. ]

Thus, from Lemmas 2.1 and 2.2, we obtain the following theorem.

Theorem 2.1 Givena MA A, recognizing a regular set W of the DPDS P; for some i, we can construct a MA A? e’
recognizing prep (W) in time O(|A] - |Qil% 2P,

Proof. Correctness.

(=) Let (pw, D) € pre;(L(A;)). Then, po =7 p'ew’ > D for some tuple (p'e’, D) € L(A;) such that
D = D, U Dy. By Lemma 2.1, p-28* ¢ for some final state g of AP™ So (pw, D) € L(AP™) holds.

(&) Let (pw, D) € L(A"™"). Then, p-2L8+ g for some final state g of AP™ By Lemma 2.2, po==*p'e/ > D

for some local configuration p’w’ € P; x I'}, D C D; such that p’ M)? gand D = Dy U D,.

Since p’ M)? g and ¢ is a final state, we get that (p'w’, D;) € L(A;). Thus, we obtain that (pw, D) €

pre; (L(A;)).
Complexity: It is shown in [EHRS00] that A”™*" can be computed in time O(| A; | - | Q; [*) if D; = 0. We can
extend the efficient algorithm of [EHRS00] so that A?™ can be computed in time O(| A; | - | @; > -2Ph). O

3. Single-indexed LTL model checking for DPNs

In this section, we consider LTL model checking w.r.t. a labeling function [ : (JI; P; —> 247 assigning to each
control location a set of atomic propositions. In this case, the valuation A, (called simple valuation) is defined as
follows: for every a € AP, x,(a) = {pw € J;_,; P; x '} | a € l(p)}. A global configuration G satisfies f = A, f;
iff M has a global run p from G such that every local run o of p satisfies f,») where g (o) denotes the index of
the DPDS which corresponds to the local run o. Checking whether G satisfies f is non-trivial since the number
of global runs of G is unbounded, and the number of local runs in each global run p can also be unbounded. We
cannot check all the different instances of the DPDSs independently. Indeed, we do not have to check whether
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an instance of P; (for some i, 1 < ¢ < n) satisfies f; if this instance is not created during the execution. We can
solve this problem in a naive way as follows: Given an initial global configuration G, we can guess the set of
DCLICs D C [J;, D; which are created in a global run from G such that the global run satisfies f. Then, it is
sufficient to check that every local configuration ¢ € G U D satisfies the LTL formula f,.) when disallowing the
transition rules which create a DCLIC outside of D and discarding the DCLICs inside of D. Checking whether
c satisfies fi,(.) could be solved by LTL model checking for PDSs [BEM97, EHRS00] if we discard the DCLICs
of the DPDS. However, this naive technique is very complicated as it necessitates an exponential number of calls
to the LTL model checking algorithm of PDSs. Moreover, it is very complex. We have to consider all the possible
sets of DCLICs whose number is at most O(2Ui=i1Pil), and for each set D of DCLICs, we have to perform at
most O(| J;_, D, |) times of LTL model checking algorithm for PDSs, where LTL model checking for PDSs is
in time O(| Pya) I* - | Ap(ay | -2¥@!) [BEM97, EHRS00]. Thus, the complexity of checking whether G satisfies
fornotwillbe OQU=P1- 37 o 5 6l Pocay P - | Agiay | -250D).

To overcome these problems, we propose in this section a direct algorithm. We compute forevery i, 1 < i < n,
a MA A; such that (¢, D) € L(A;), where c is a local configuration of P; and D C D; is a set of DCLICs, iff
P; has a local run o from c that satisfies f; such that D is the set of DCLICs created during the local run o.
Then, a global configuration G satisfies f = A, f; iff for every configuration ¢ € G, there exists a set of DCLICs
D, such that (¢, D.) € L(Ag()) and every d € D, satisfies f. This condition is recursive. However, it can be
effectively checked since there is only a finite number of DCLICs. Checking this condition naively is not efficient.
To obtain a more efficient procedure, we compute the largest set Dy, C J-; D; of DCLICs such that d € Dy,
iff d is a DCLIC and there exists a global run of M starting from d that satisfies f. Then, to check whether a
global configuration G satisfies f, it is sufficient to check for every ¢ € G whether there exists D, C Dy, such that
(C, Dc) € L(Ap(c))-

3.1. Computing the MAs A;

To compute the MAs A;, for i, 1 < ¢ < n, we extend the automata-based approach for standard LTL model
checking for PDSs [BEM97, EHRS00]. We first compute a Biichi automaton (BA) B, that corresponds to the
formula f;, for 4, 1 < ¢ < n. Then, we synchronize the BAs with the DPDSs to obtain Biichi DPDSs. The MAs
A, we are looking for correspond to the languages accepted by these Biichi DPDS:s.

Definition 3.1 A Biichi DPDS (BDPDS) is a tuple BP; = (P;, 'y, A;, F;), where (P;, T';, A;) is a DPDS and
F; C P; is a finite set of accepting control locations.

A BDPDS is a kind of DPDS with a Biichi acceptance condition F;. Runs of a BDPDS are defined as local
runs for DPDSs. A run o of BP; is accepting iff o infinitely often visits some control locations in F;. Let L(BP;)
be the set of all the pairs (¢, D) € P; x I'; x 2P such that BP; has an accepting run from c and the run generates
the set of DCLICs D.

Let B; = (G;, 247, 0,, g, F;) be the BA recognizing all the w-words that satisfy f;. We compute a BDPDS BP;
such that P; has a local run from pew that satisfies f; and generates a set of DCLICs D iff ([p, ¢%]w, D) € L(BP;).
We define BP; = (P; x G;, 'y, A, F)) as follows: for every p € P;, [p,g] € F] iff ¢ € F;; and for every
(g1, U(p), 92) € 6;, we have:

L [p, gilly = [p1, plon € A} i py = pror € Ay
2. [p, gily = [p1, gpJon > D € A iff py — pio; > D € A,

Intuitively, BP; is a product of P; and the BA B;. BB; has an accepting run gyg; . . . over an w-word [(po)l(p1) . . .
that corresponds to a local run o = pywy p1w ... of P; iff BP; has an accepting run o’ = [po, golwo [p1, g1lwr - - -,
and D is the set of DCLICs created during the run o iff D is the set of DCLICs created during the run o’. Suppose
the run of P; is at p;w;, then the run of B; can move from g; to g;+1 iff (g;, I(p;), g;+1) € 6;. This is ensured
by Items 1 and 2 expressing that BP; can move from [p;, g;lw; to [pj+1, gj+1]w;+1 iff (g;, (p;), gj+1) € 0;. The
accepting control locations F, = {[p, g] | p € P;, g € F;} ensure that the run of B, visits infinitely often some
states in F; iff the run of BP; visits infinitely often some control locations F;. Item 2 ensures that the run of P;
creates a DCLIC prw» iff the run of BP; creates this DCLIC. Thus, we obtain the following theorem.
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Lemma 3.1 P; has a local run from po that satisfies f; and creates a set of DCLICs D iff ([p, ¢’]w, D) € L(BP;),
where BP; can be constructed in time O(] A; | -21ih).

The complexity follows from the fact that the number of transition rules of BP; is at most O(] A; | -2,
Computing L(BP;): Let us fix an index i, I < 7 < n. We show that computing L(BP;) can boil down to pregp.
computations.

Proposition 3.1 Let BP; = (P;, I';, A;, F;) be a BDPDS, BP; has an accepting run from ¢ € P; x I'} and D is the
set of DCLICs created during this run iff 3 Dy, D>, D3 C D; such that D = Dy U D, U Ds, and

(a1): ¢ =7 pyow > D for some w € T'};

(e2) : py =7 gu > Dy and gu =% pyv > Ds, for some g € F;, v € T}

Proof. (=) Let 0 = cycicy ... such that for every j > 0 ¢; =; ¢;j+1 > I; be the accepting run of BP; such that
D C D; is the set of all the DCLICs created during this run, i.e., D = | ;50 1;. Note that D is a finite set, because

D, is a finite set. Let w; be the stack content of the local configuration c; for every j > 0. Let o” denote the local
configuration cj. We construct a subsequence cy, ¢y, . . . such that

|wk, |= min{|w; || j = 0}
lwk, |= min{lw; || j > ki }, VI > 1.

By this construction, we obtain that once the configuration o * is reached, the stack content except the topmost
symbol will never change in the rest run of . Since P; x I'; is finite, we can construct a subsequence ¢;, ¢;, . .. of
Ck, Ck, - - - Such that for every h > 1, the control location of ¢;, is p and the topmost symbol of the stack of c;, is
Y.

Since o is an accepting run, we can find an m such that

+
co =>j¢j > Dy, ¢ =7 ¢y > Ds, cq=7c¢;, > Dg,

and the control location p, of ¢, is in F;, Dy = J}Z;é I, Ds = Z;;.l I, Dg = %’"':_gl I,, and for every h > j,:
1, C Dg.

Let ¢;, = pyw, then Item «; holds.

Since the stack content except the topmost symbol of the stack of c;, will never change in the rest of the run
for every h > 1, there exist u € I'; and v € I'} such that uw is the stack content of ¢, vw is the stack content of
¢j,» PY==1pgyu > Ds and pju==7*pyv 1> Ds. So Item «, holds.

Let Dy = Dy, D, = D5, D3 = Dg. Since D = Dy U Ds U Dg, then D = Dy U D, U Ds.

(<) To prove that BP, has an accepting run from ¢ and D is the set of DCLICs created during this run, it
is sufficient to construct such an accepting run.

From Item a,, we obtain that py v*o==7p,uv*w > D, and p,uv*==* pyv**'w 1> Dj, for every k > 0.

From the fact that p, € F; and Item a1, we deduce an accepting run and D = D; U D, U Ds. O

Intuitively, an accepting run from ¢ will reach a configuration py w (Item «) followed by a repeatedly executed
cycle (Item «y) which is a sequence of configurations with an accepting location g. The execution of the cycle
returns to the control location p with the same symbol y at the top of the stack. The rest of the stack will never
be popped during this cycle. Repeatedly executing the cycle yields an accepting run (since g € F;) and the set of
DCLICs generated during this cycle is D, U Ds. Thus, the set of DCLICs created by the accepting run starting
from cis Dy U D, U D3. To compute L(BP;), we reformulate the above conditions as follows:

Proposition 3.2 Let BP, = (P;,T';, A;, F;) be a BDPDS, BP; has an accepting run from ¢ € P; x I'} and D is the
set of DCLICs created during this run iff 3 Dy, D5 C D; such that D = Dy U D}, and

(B1) : (¢, D) € prep ({p} x y T} x {@});

(B2) : (py. D3) € prep, (F; x T7 x 2P9) Nprep, ({p} x y Ty x {8})) (note that Dy = D, U Ds).



408 F. Song, T. Touili

Intuitively, Items 81 and B, are reformulations of Items &1 and «;, respectively. By Proposition 3.2, we can get
that L(BP;) = {(¢c, Dy U D) € P; x I'; x 2P | Items B and B, hold}. Since F; x '} x 2P and {p} x yI'} x {0}
are regular sets, using Theorem 2.1, we can construct two MAs A" and A” accepting prep ((F; x '} x 2PN
prep ({p} x yI'y x {#})) and prep, ({p} x yI'; x {#}). The intersection (F; x I'} x 2P N prep ({p} x yI'7 x {0})
is easy to compute. Since F; x I'} x 2P+ denotes all the configurations whose control locations are accepting, we
only need to let the initial states of A” be the states of F;. Since the set P; x I'; x 2P is finite, we can determine
all the tuples (py, D5) € P; x I'; x 2P+ such that Item B, holds. The set of pairs (¢, D;) is the union of all the sets
prep ({p} x y T} x {#}). Thus, we can get L(BP;). For every BDPDS P; and MA A;, prep, (I(A;)) and prep, (L(A;))
can be computed in time O(|A;| - | Q; |> -2'P'1), where | Q; |= O(| P; |). Thus, we get that:

Lemma 3.2 For every BDPDS BP; = (P;,T';, A,, F;), we can construct a MA A; in time O(|A;| - | T |- | P; |?
2Py such that L(A;) = L(BP;).

From Lemmas 3.1 and 3.2, we get:

Theorem 3.1 Givena DPN M = {Py, ..., Py}, a single-indexed LTL formula f = \_, f; and a labelling function
I, we can compute MAs Ay, ..., A, in time O3 (] A; | 2L 1T | - | Py )P -2P4) such that for every i,
1 <i < n,every pwe P; x It and D C D;, po =p f; iff ([p, 90w, D) € L(A;).

3.2. Single-indexed LTL model checking for DPNs with simple valuations

GivenaDPN M = {Py, ..., P, }and asingle-indexed LTL formula f = A_, f;, by Theorem 3.1, we can construct
asetof MAs{Ay, ..., A,}suchthatforeveryi,1 < i < n,and every local configuration pw € P; xI'}, pw =p f;
iff ([p, ¢¥Jw, D) € L(A;). Then, to check whether a global configuration G satisfies f, we need to check whether
for every local configuration ¢ € G, there exists a set of DCLICs D, such that (¢, D.) € L(Ag()) and every
DCLIC d € D, satisfies f, i.e., there exists a set of DCLICs Dy such that (d, Dg) € L(Agp(q)), etc. This condition
is recursive. It can be solved because the number of DCLICs is finite. To obtain a more efficient procedure, we
compute the maximal set of DCLICs Dy, such that for every d € |J|_, D;, d satisfies f iff d € Dy,. Then, to
check whether G satisfies f, it is sufficient to check whether for every ¢ € G, there exists D. C Dy, such that
(C, Dc) € L(Aga(c))-

Let{A,..., A,},suchthatforeveryi, 1 <i <n, A; =(Q;, Ty, 8;, I;, Acc;), be the set of the computed MAs.
Intuitively, Dy, should be equal to the set of local configurations pw € | !, D; such that there exists D C Dy, such
that pw E=p fop),1-€., ([p, gg(p)]w, D) e L(Ay(p))- Thus, Dy, can be defined as the greatest fixpoint of the function
F(X)={pwe Dy | 3D C X such that ([p, gg(p)]a), D) € L(Ayp))}. This set can then be computed iteratively
as follows: Dy, = ;. D;, where Dy = Dy and Dj+1 = {pw € Dy | 3D C D;, ([p, g,)lw, D) € L(Agy))} for
every j > 0. Since |J;—_, D; is a finite set, and for every j > 0, D; 4, is a subset of D;, there always exists a fixpoint
m > 0 such that D,,, = Dyp,+1. Then, we can get that Dy, = D,,.

For every pw € |J;_; D; and D C Dy, to avoid checking whether ([p, gg(p)]w, D) e L(Ag(p)) at each step
when computing Dy, Dy, ..., we can compute all these tuples that satisfy this condition once and store them in a
hash table. We can show that whether or not ([p, gg(p)]a), D) e L(A(y)) can be decided in time O(| w | - | 8(p) |
| Qpepy | -2"Pewl). Thus, we can get the hash table in time O3 ey p,(| @ | - | 8o | - | Qpepy | 2P0h).
Given D; and the hash table, we can compute D;+ in time O(3_ e j» p, 2/Pewl). Thus we can get Dy, in time
O poen, (1 @ 1+ 1 8oy |+ | Qoipy | -2+ | Dy 22171,

Theorem 3.2 We can compute Dy, in time O(preU"_,DzU")I N 8y |+ 1 Qopy | 2P0+ | I D, | -2Pewl))
such that for every ¢ € \J;—, D;, c satisfies the single-indexed LTL formula f iff ¢ € Dy,

Proof. (=) Suppose c satisfies f, we show that ¢ € Dy,. Since Dy, = ;. D;, where Dy = |J;_; D; and
Djyy = {pw € |J]_, D; | 3D C D; such that ([p, gg(p)]w, D) € L(Ayp))} for every j > 0, it is sufficient to show
that ¢ € D; for every j > 0. The proof proceeds by induction on j.
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Algorithm 1: computing the map function.
Input : A set of MAs {A, ..., A,} such that forevery i, 1 < i < n, A; = (Q;, [, 8;, I;, Accy);
Output: A function map : |JI_, D; —> 2U=Pi such that D € map(pw) iff (pw, D) € L(App));

1 for pyy...ym € Ui, D; do
2 Let S = Accpp) x {8);
3 for j <« mto0do
J D / /
s | L S=1aDUD) 13¢5 )¢ €S0 A (g D) € S

7]

map(pyo - .- ¥m) =1{D | (p, D) € S};

e Basis j = 0: since Dy = |J;—, D; and ¢ € D), we obtain that ¢ € Dj.

e Stepj > 0: Let p be the global run of M starting from c such that every local run o of p satisfies f,). Let o,
be the local run starting from c in p, then o, satisfies f,.). Let D, be the set of DCLICs created during the
local run o, then (¢, D.) € L(Ay(.)) and for every d € D,, d satisfies f. By applying the induction hypothesis,
we obtain that d € D;_, for every d € D, i.e., D, C D,_;. Since D; = {pw € J;_; D; | 3D C D;_; such
that ([p, go,)lw, D) € L(Ag(y))}, we obtain that ¢ € D;.

(=) Suppose c € Dy,, we show that c satisfies f. For this, we construct a global run p starting from ¢ such that
every local run o of p satisfies f,(,). By the definition of Dy,, we can get that Dy, = {pw € |J,_, D; | 3D C Dy,
such that ([p, g7, ], D) € L(Agp))}-

Since ¢ € Dy, there exists D, C Dy, such that (¢, D.) € L(Agy (), by Lemmas 3.1 and 3.2, P has a local
run o) starting from ¢ such that o, satisfies f,¢) and D, is the set of DCLICs created during the local run
Op(c)- Let () be the local run of p whenever a DCLIC c is created.

Since for every ¢’ € D,., ¢’ € Dy,, we can apply the same reasoning as c to ¢/, we obtain the local run o

starting from ¢’ such that the local run o satisfies f,() and D is the set of DCLICs created during the local
run o). Then, let o, be the local run of p whenever a DCLIC ¢’ is created during the global run p. Since
every DCLIC created during a local run o~ starting from ¢” such that ¢” € Dy, is also in Dy,, we obtain p such
that every local run o of p satisfies f,().
Complexity. To compute Dy,, we first compute the function map (represented by a hash table) using Algorithm
1 such that for every pw € U;_; D;, D C Dy, D € map(pw) iff (pw, D) € L(Agy(y). In Algorithm 1, for
every pyo - .. ¥m € Ui, Di, we first compute the set of DCLICs D such that (pyy . .. ¥m, D) € L(Agy(p)) (Lines
3-4). Then, we set map(pyo-..vm) = {D | (p, D) € S} where S is exactly the set of pairs (g, D) such that
g LetmlBe g for some ¢ € Accpp). When po is fixed, lines 3-4 need O(| @ | - | 8pp) | - | Qppy | -2P#)) time.
Thus, we get that Algorithm 1 runs in at most O3 ,,cp, (| @ | - | Sp(p) | - | Qp(py | -2P2))) time.

Now, let us show how to compute Dy,. Since Dy, = ;59 Dj, Where Dy = ;L D; and Djy1 = {pw €
D; | 3D C Dy, ([p. gg(p)]a), D) € L(Agyp))} for every j > 0, and since |J;—, D; is a finite set, and for every
j > 0, Dj41 is a subset of Dj, there always exists a fixpoint m > 0 such that D,, = D,,+1. Then, we can get
that Dy, = Dy, and m is at most | [J;; D; |. For every D;, we can compute D;+1 in time O(3_,,,,c =, p, 2"7°7)),
since the number of possible sets of (pw, D) is at most O(3_ ¢y~ p, 2/Pewl). Thus, we can get Dy, in time

O(preULD,(I || 3o |- | Qo) | 2Powl+ | Uizi D | 2Pewmly), O
Then, from Theorems 3.1 and 3.2, we get the following theorem.

Theorem 3.3 Givena DPN M = {P\, ..., Py}, a single-indexed LTL formula f = N\, f; and a labelling function
I, we can compute MAs Ay, ..., A, in time O (| A; | 2L Ty | -] Py 1P -21P) such that for every global
configuration G, G satisfies f iff for every pw € G, there exists D C Dy, such that ([p, gg(p)]a), D) e L(Ayp)).

You can see that the complexity of our technique is better than the one of the naive approach given at the
beginning of Sect. 3.
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4. Single-indexed LTL model checking with regular valuations

We generalize single-indexed LTL model checking for DPNs w.r.t. simple valuations to a more general model
checking problem where the set of configurations in which an atomic proposition holds is a regular set of local
configurations. Formally, a regular valuation is a function & : AP —» 2Ui=i PixT% such that for every a € AP,
A(a) is a regular set of local configurations of P; for i, 1 < i < n. The previous construction can be extended to
deal with this case. For this, we follow the approach of [EKS03]. We compute, for 4, 1 < ¢ < n, anew DPDS P,
which is a kind of synchronization of the DPDS P; and the deterministic finite automata corresponding to the
regular valuations. This allows to determine whether atomic propositions hold at a given step by looking only at
the top of the stack of P;, for every ¢, 1 < ¢ < n. By doing this, we can reduce single-indexed LTL model checking
for DPNs with regular valuations to single-indexed LTL model checking for DPNs with simple valuations.

4.1. Storing the states into the stack

We fixa DPN M = {Py, ..., P,}suchthatforeveryi, 1 <i <n, P, =(P;, ';, A;). Foreveryi, 1 <i < n,we
suppose w.l.0.g. that the DPDS P; has a bottom-of-stack # that is never popped from the stack, and that for every
transition rule py < piw; > prwn or py < prw;in A;, | 1 |< 2. Indeed, every DPDS that does not satisfy this
condition can be simulated by a new DPDS for which this condition holds [Sch02]. Let us fix i, 1 < i < n, and let
AP; ={ay,..., a}be the set of atomic propositions used in f; and P; = {py, ..., p.}. Foreverya € AP;,p € P;,
let MP = (Qp [y, 82, sP, Acc?) be a finite automaton such that for every w € T'}, pw € /\(a) (i.e., pw satisfies a
w.rI.t. A) iff the reverse of the word w is accepted by M2, where ()2 is a finite set of states, I'; is the input alphabet,
sP is the initial state, 82 C QP xI'; — QP isa fransition function and Acc? C QP is afinite set of finial states.
W.lo.g., we assume that for every a, b € AP;, p, ¢ € P; whenever a # b or p # ¢, M? and M, have disjoint
sets of states, and we suppose that for every (a, p) € AP; x P;, M? is deterministic and has a total transition
function 62.

Since we have predicates over the stack content, to check whether or not the formula f; holds, we need to
know at each step which atomic propositions are satisfied by the stack content. To this aim, we compute a new

DPDS P; which is a synchronization of the DPDS P; and the finite automata M2 for (a, p) € AP; x P; such
that the stack alphabet of P; is of the form [y, ? where ? [s] e, stl, s 8., 8K, sk e ka 1<j<u

and 1 < k < «, is a vector of states of the finite automata MP', ..., MP<. For every (a p) € AP x P;, let
?(a, p) denote the state of the finite automaton MP? in ? A local conﬁguratlon vk, Sk] - [0, ?0] of P’ is
consistent iff for every (a, p) € AP; x P;,everyj, 1 <j <k—1, ag@(a, p). Vi) = ﬁ(a, p)and ?o(a, p) = sP.
Intuitively, a consistent local configuration p[yx, Sk]- - - [0, So] denotes that the stack content is yy ...y and

for every (a, p) € AP; x P;, the run of the automaton M? over yj ... y,_| reaches the state Si(a, p). Note that
7 - Yi—1 1s the reverse of the stack content yj_; ... yp, this is why the automaton M? accepts the reverse of

the stack content. For every atomic proposition a € AP“ a consistent local configuration p[yy, Sk -+ [vo, ?]
satisfies a iff there exists a state s € Acck such that 82(Si(a, p), yx) = s. This means that whether or not a

consistent local configuration satisfies an atomic proposition a depends only on the top of the stack [y, Sk] and
the control location p.
Formally, let States; = Q' x --- x QF' x -+ x QP x - x QP and?o = [sh, ... 8B, sk sk

We compute a new DPDS P, = (P;, I';, A}, [, ?0]) as follows: I', = T'; x States;, [f, ?0 ]1is the bottom-of-stack
of P!, A, is the smallest set of transition rules satisfying the following: for every ? € States;,

?] — pme e A iff pjy — pe e Ay

Vit pily
V2l p1 ?]"—)pzébCGA’lffp”/‘—)pzéDCEAZ,
v3: pily, ?] — pz[)/l,?] e A{i lffpl]/ = my1 € Ay;

[y
[y
[
va: pify, E’>] = pz[m,g’)] >ceAjiff piy = pyi>ce Ay
vs: pily ,?] = p[», ?][Vl» ?] e A iff pry = pyay1 € Ay;

[y, S15 s Sl S ¢ € AL py > pyan & ¢ € As;

V. D
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%
where for every (a, p) € AP; x P;, 85(?((1, ), 1) = S’ (a, p).

Intuitively, the run of P; reaches a consistent local configuration pi[ym. Sm]-- - [vo. ?0] iff the run of P;
reaches the local configuration p;y,, ...y and for every (a, p) € AP; x P, the run of the finite automaton M?

reaches the state ﬁ(a, p) over the word yy . .. ym—1, 1.€., the reverse of the stack content y,,_; ... yy. Moreover,
the run of P; creates a DCLIC c iff the run of P; creates the DCLIC c. The intuition behind the Items v; — vg
is explained as follows. Suppose P; moves from p;V.Vim—1--- Y tO D2¥Vm—1 ... and creates a DCLIC ¢ by
the transition rule p;y,, <> p:e > ¢, and that for every (a, p) € AP; x P;, the automaton M? is at state

Sm—1(a, p)after reading the stack word yy . . . v,,—2. Then, P, has to move from p[y,,,., ?n][ym_l » Sm—11- - [v0, ?0]

to p2[Vm—-1, Sm—11"+ - [v0, ?0] and create the DCLIC c. This is ensured by Item v,. Items v;, v3 and v4 are similar.
If P, moves from piy, ¥m—1-.-Y0 tO D2¥Vm+1Vm¥Vm—1 - - - Yo and creates a DCLIC c by the transition rule

. -—
D1V}, <> P2Vm+1Ym D> ¢, and that for every (a, p) € AP; x P;, the automaton MP is at state Sp,+1(a, p) after
. — —-— —
reading the stack word yy . .. y,,, where §2(S,,(a, p), ¥m) = Sm+1(a, p). Then, P; moves from pi[y,,, Sml[Vm-1,

ﬁ] - [y, ?o] to pa[Vim+1, ﬁ][ym, ST,L] - [y, ?0] and creates the DCLIC c. This is ensured by Item vg. Item
vs 1s analogous.

For every (a, p) € AP; x P;, the fact that the finite automaton M? is deterministic guarantees that the top
of the stack and the control location can infer the truth of the atomic propositions. The fact that the transition
function of M? is total makes sure that M2 has always a successor state on an arbitrary input.

4.2. Reducing regular valuations to simple valuations

We can define a new valuation A : AP —» 2Uimi PixIT a5 follows: for every py € P; x Ty, ? e States;,

N(a) = {ply, ?]w | w e T, ds € Acc? such that 82(?(@, p), ¥) = s}. We can show that a local run of P;
starting from py,, ...y satisfies f; w.r.t. A and creates a set of DCLICs D iff a local run of P; starting from a

consistent local configuration p[y,,, Sm]- - [0, ?0] satisfies f; w.r.t. A" and creates the set of DCLICs D.

Lemma 4.1 Forevery i, 1 < i < n, pym ... € P; x I'}, P; has a local run o starting from py, ... yo such that
D is the set of DCLICs created during this local run and o satisfies f; w.r.t. the regular valuation A iff there exists

a consistent local configuration p[ym, Sm]- - -[vo., Sol from which P; has a local run ¢’ such that D is the set of
DCLICs created during the local run o' and o' satisfies f; w.r.t. the new valuation ).

Proof. According to the construction of P;, P; has a local run ¢ = c¢yc; ... such that for every j
¢ = @V, .- vy and ¢;==; cjv1 > L iff P} has a local run ¢’ = cjcf... such that for every j

0,
0’

v 1V

;= Gy, S,Jn]] e ?0] and ¢;=>;c},, > I;. Then, we get that D = szo L.

Now, let us show that o satisfies f; w.r.t. A iff ¢’ satisfies f; w.r.t. A’. The proof proceeds by induction on the
structure of f; (note that the operators {A, =, X, U} are sufficient to express any other LTL operator).

e ¢ = a where a is an atomic proposition: since o satisfies a w.r.t. L iff 0(0) = goy), - _Z;? e Ma),ie, vy ... vo,
is accepted by M?, and since MP is deterministic, we get that M P reaches the state S?no(a, p) after reading the
word g ... y0 _, and the immediate successor state of %(a, p) over y) is a final state of M?. This implies
that o satisfies a w.r.t. A iff qo%m’ @]w € 1'(a) for every w € T'*. Since o’ satisfies a w.r.t. A" iff there exists

a state s € Acc? such that 8{;(5270(@, D), y,?m) = 5, we obtain that o satisfies f; w.r.t. A iff ¢’ satisfies f; w.r.t. A

e ¢ = ¢ A ¢y: o satisfies ¢ w.r.t. A iff o satisfies ¢; and ¢, w.r.t. A. By applying the induction hypothesis, we
obtain that o satisfies ¢ w.r.t. A iff ¢’ satisfies ¢; and ¢ w.r.t. A". Thus, o satisfies ¢ w.r.t. A iff o’ satisfies ¢
w.r.t. A

e ¢ = X¢;: By applying the induction hypothesis, o, satisfies ¢; w.r.t. 1 iff o satisfies ¢; w.r.t. ". Since o satisfies
¢ w.r.t. A iff oy satisfies ¢ w.r.t. A, and since o satisfies ¢ w.r.t. A" iff o] satisfies ¢ w.r.t. ', we obtain that o
satisfies ¢ w.r.t. A iff o’ satisfies ¢ w.r.t. A
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e ¢ = —¢;: By applying the induction hypothesis, o does not satisfy ¢; w.r.t. A iff o’ does not satisfy ¢; w.r.t.
). Since o satisfies ¢ w.r.t. A iff o does not satisfy ¢; w.r.t. A, and since o’ satisfies ¢ w.r.t. A" iff ¢’ does not
satisfy ¢; w.r.t. A, we obtain that ¢ satisfies ¢ w.r.t. A iff o’ satisfies ¢.

o ¢ = ¢1U¢h: o satisfies ¢ w.r.t. A iff there exists £ > 0 such that for every j, 0 < j < k, o satisfies ¢; w.r.t. A
and o, satisfies ¢, wW.r.t. A.
By applying the induction hypothesis, for every j, 0 < j < k, o; satisfies ¢ w.r.t. A iff o] satisfies ¢ w.r.t. 3/,

and oy, satisfies ¢, w.r.t. 1 iff o, satisfies ¢, w.r.t. ". Since o’ satisfies ¢ w.r.t. A" iff there exists £ > 0 such that
for every j, 0 < j < k, o] satisfies ¢; w.r.t. 2" and o, satisfies ¢, w.r.t. . Thus, we obtain that o satisfies ¢

w.r.t. A iff o’ satisfies ¢ w.r.t. A'. 0

4.3. Computing consistent configurations

To compute a MA A, = (Q;, T}, 8;, I;, Acc;) such that for every consistent local configuration pw € P; x I'}?,
P has a local run from a consistent local configuration pw that satisfies f; and creates a set of DCLICs D
iff ([p, ¢'lw, D) € L(A;), we readapt the construction of BP; underlying Lemma 3.1 as follows. Let B, =
(G, 247, 0;, g%, F;) be the BA recognizing all the w-words that satisfy f;. We compute a BDPDS BP; such that
‘P! has a local run from a consistent local configuration pw that satisfies f; and generates a set of DCLICs D iff
([p, 9)lw, D) € L(BP;). We define BP; = (P; x G;, T}, A, F!) as follows: for every p € P;, [p, g] € Fliff g € F;
and for every (g1, A'(py), ¢2) € 6; , we have:

L. [p, gily = [p1. g2lor € A iff py = proy € Ay;
2. [p, gily = [p1, gl > D € A iff py — pioy > D € A;.

The intuition is similar to the construction underlying Lemma 3.1. The main difference is that the satisfiability
of the atomic propositions depends on the control location and the top of the stack. We can get that:

Lemma 4.2 P! has a local run from a consistent local configuration pw that satisfies f; and creates a set of DCLICs
D iff (p, ¢°lw, D) € L(BP;), where BP; can be constructed in time O(|A;| -2\1).

However, A; also accepts pairs of the form ([p, 7], D) such that pw is not a consistent local configuration of
P;. To solve this problem, we follow the approach of [EKS03] that performs a kind of synchronization of .A; with
the automata MP for (a, p) € AP; x P; which will discard such pairs ([p, ¢']o, D). Let A, = ((Q; x States;) U

Q. T3, 8, 1, Ace; x {?0}) be a MA such that §; is defined as follows:

(0, ) 2B (0. ) e §;iff ¢ Mn ¢ € §; and forevery (a, p) € AP; x Pi,8£(?z(a, p), v) = S\ (a, p);
%
2. ¢ X8, (¢, F)esiff (0. 5) X5, (¢.5) e 8 forevery g € Q.
A’ has the same size than A;, since the immediate successor states of z(a, p) for (a,p) € AP; x
P; are uniquely determined by ?2 and y. Intuitively, A, accepts ([po, 901¥m ---v0, D1 U Dy) by a path
[po, 991 RZTE NP W IS Eo T Sy ?0) iff the configuration po[ym, Sm]-- - [0, ?0] is a consistent local
configuration of P’ and ([po, g 1[Vim» Sml- - -[v0, So], D1 U D) is accepted by A;. Indeed, according to Item

H . T
1, (g, Spo) Lm0/ e (g ?0) iff A; has a path g, Zz=tSm=) L. Sh1/D * go and for every 0 < j < m — 1,
every (a,p) € AP; x P, 83(3(@, p),v;) = Si+i(a, p), i.e, po[Vm. Sm]- - [vo, ?0] is a consistent config-

uration of P’ [po, ¢°] 2225 :(gm. Sm) iff there exists a state S such that ([po, 991, ?)M)i(qm, Sim)
is a transition rule of A, (by Item 2). Thus, from Item 1, we get that 4; has the transition rule

5. . - . et S ] X
[pO, g?] [YmsSm]/ D1 i G- Slnce (q"n7 Sm) )’m—l---VO/Dg*i (qO,?O) lff Az haS a path Gm [Ym—1,Sm-1] [VOq?O]/D*Z_ ® and

2ol Vms Sm] - - [vo, ?0] is a consistent configuration of P’,we get that A, accepts ([po, ¢°1Vim - -- 0, Di U D»)
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(i.cs [P0s 9712225 (G, So) L2254 (40, S0)) T the configuration polym. Sl -« [0, So] is a consistent

local configuration of P’ and ([po, ¢°1[Vm, S_:n] - [yo, ?0], Dy U Dy) is accepted by A; (i.e., [po, 9] —>[V"‘ LNy

—
Im [Yim=1,Sm-1]-[w, ?t)]/Dg* ). We can show that:

Lemma 4.3 The configuration py[yum, ?,,] [0, ?0] is a consistent local configuration of P" and ([po, g1V
H
Sl [vo, ?0], D) is accepted by A; iff A accepts ([po, ¢21Vm. - - - Yo, D).

Proof- Since [po, g7] /D1y i(@m. Sm) 1s a transition rule of A’ iff there exists ? such that A’ has the transition

rule ([po, ¢Y], ?) /Dy (g, Si), it is sufficient to show that A; has a path [po, go][%”’”—m qo where

H .
Sj+1(a, p) = Sg(z-(a, p), y;) forevery j, 0 < j < m — 1, every (a, p) € AP; x P; iff there exists a state ? such
that A/ has a path ([po, ¢7], ?) Yo 10/ B % (o, ?). The proof proceeds by induction on m.

e Basis. m = 0. A; has a path [p, g7] -2 A % qo iff there exists a state ? such that A has a path

([po, 991, ?) w8 (g0, ?0). This holds due to Item 1.

-
e Step. m > 0. A; has a path [po, ¢ ]M q iff A; has a transition rule [po, ¢7] LSl L

such that A; has a path ¢, P T * g and D = D; U I. This 1£1>phes that there exist [¢,, Sm] €
Q; x States; and S such that for every (a, p) € AP; x P;, ?(a, p) = 82(Sm(a, p), ¥m), A; has a transition

rule ( pO gl ?) Vm/l qrm’ Sm] and Az hasapath Im [Vm—-1,Sm-1] [VO-?O]/Dl*i 0.

—-—
By applymg the induction hypothesis, A; has the path g, 2P e o iff A’ has the path
m— /Dl
(g S) L= By (g0 ).
[V Sonl-110. 501/ . : 2
Thus, A; has a path [py, g0]—=m020 5% gy iff there exists a state such that A has a path
mee D

([po. 971, ) L2208 (g0, 5)). D

From Lemmas 4.1, 4.2 and 4.3, we can get that:

Theorem 4.1 Given a DPN M = (P, ..., P,}, a single-indexed LTL formula f = \._, f; and a regular valuation
A, we can compute MAs Ay, ..., Ay in time O (| A; | 2L Ty | - | States; | - | Py 1P -2'P1) such that for
every i, 1 < i <mn,every pw e P; x I'f and D C Dy, pw =p fi iff ([p. gbg(p)]w, D) e L(Ayp)).

From Theorems 4.1 and 3.2, we can deduce the following theorem.

Theorem 4.2 Givena DPN M = {Py, ..., Py}, asingle-indexed LTL formula f = \!_, f; and a regular valuation 1,
we can compute MAs Ay, ..., A, intime O3 1 (| A; | 2V | Ty | - | States; | - | P; |* -2P:)) such that for every
global configuration G, G satisfies f iff for every pw € G, there exists D C Dy, such that ([p, gg(p)]a), D) e L(Ayp))-

5. Single-indexed CTL model checking for DPNs

In this section, we consider single-indexed CTL model checking for DPNs with regular valuations. Single-indexed
CTL model checking for DPNs with simple valuations is a special case.
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5.1. Single-indexed CTL

For technical reasons, we suppose that CTL formulas are given in positive normal form, i.e., only atomic proposi-
tions are negated. Indeed, any CTL formula can be translated into positive normal form by pushing the negations
inside. Moreover, we use the release operator R as the dual of the until operator U.

Definition 5.1 The set of CTL formulas is given by (where a € AP):

voi=a | —a | YAy | YV | AXy | EXy | A[yUy] | E[yUy] | A[yRy] | E[yRy].

The other standard CTL operators can be expressed by the above operators. E.g., EFy = E[trueUv ], AFy =
AltrueUvyr], EGYr = E[falseRy]and AGyr = A[falseRvy/]. The closure cl(vr) of ¢ is the set of all the subformulas of

¥ including . Let At(TILp) ={a e AP | a € cl(¥y)} and clr(V) = {¢p € cl(¥) | ¢ = E[Y1RY] or ¢ = Al Ry]}.
Let A : AP — 2Uimi PixIT 3 regular valuation assigning to each atomic proposition a regular set of local
configurations. A local configuration c satisfies a CTL formula f;, (denoted by ¢ =* f;), iff there exists D C D;

such that ¢ |=)>3 fi holds, where |='>3 is inductively defined as follows:

° cl:%a — c € AMa);

° cl:%—-a — c & Ma);

o c=pyn AW &= 3Dy, D, C|JI, D; such that D = Dy U D, ck=p, ¥y and cl=), ¥2;

o cERYI VY <= cEp Y or ey

° clszAX Y & Forevery ¢i,..., ¢y € P; x T such thatforj ,1 < j < m,EIDj,Djf C UL, D;, ¢ =
¢; & D}, ¢j=p ¥ and D = (D; U D));

° cl:ADEX ¥ < There exist ¢’ € P; x I'f, and D', D" C |J;_, D; such that c=; ¢’ > D", c’lz)b,lﬁ and
D=DuUD"

° CII)bA[IﬂlUI/IQ] < For every path o = ¢yc; ... with ¢y = ¢, for every m > 1,3 D, C |Ji_, D;, such that
Cmo1 = ¢ > D), and 3k > 0, such that 3D, € Ui, Di, kb=, ¥2, V5, 0 < j < k, ;=] v and

ko 1y k )
D= Ua(Uj:I Dj U szo Dj)’

° c|=ADE[1p1U1//2] & There exists a path o = ¢y¢; ... with ¢y = ¢, forevery m > 1, 3D/, C J_, D;, such

that ¢,,—1 = ¢, > D}, and 3k > 0, such that 3D € UL, Di, exb=p, ¥, V4, 0 < j < k, ¢;=), ¥, and
k , k .

° CI:ADA[I//]RIZQ] & For every path o = ¢yc; ... with ¢y = ¢, forevery m > 1, 3D/ C U._, D;, such
that ¢y = ¢y > D), and either Vj > 0,3D; € U, Di, ¢k 2 and Dy = U,y D) U U0 D;.
or3k > 0, 3D C Ui Di such that ex =, and Vj, 0 < j < k, 3D; C Ui Di, ¢5F=p, ¥2, Dy =

k " k .
Uly D; uDy Ui, D;.D =, Ds:

° c|=§3E[1/f1R1/r2] <= There exists a path o = ¢y¢; ... with ¢y = ¢, for every m > 1,3D/ C |J, D;, such

that ¢,,—1 = ¢, > D), and either Vj > 0, 3D; C |J;_, D;, cj|=gj¢2 and D = ;. D; U U2 Ds,

or 3k > 0,3D; C (.-, D; such that CkIZ)bwlfl and Vj, 0 < j < k,3D; C U?ZlDi,cjh%JI/fz, and
k k

D= szo D;uD;U szl Dj’..

Intuitively, ¢ |=§) f; means that ¢ satisfies f; and the executions that made c satisfy f; create the set of DCLICs

D, i.e., when a transition rule gy <> pjw; > prw» is used to make f; satisfied, prw, is in D. We write ¢ E=p f;

instead of ¢ |=AD f; when A is clear from the context.
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A single-indexed CTL formula f is a formula of the form A", f; ? such that forevery i, 1 < i < n, f;isa CTL
formula in which the validity of the atomic propositions depends only on the DPDS P;. A global configuration
g satisfies f = A f; iff for every ¢ € G, there exists a set of DCLICs D C Dy, such that ¢ =p f(.) and for every
d € D, d also satisfies f.

5.2. Alternating BDPDSs

Definition 5.2 An Alternating BDPDS (ABDPDS) is a tuple BP), = (P;,I';, A}, F;), where P/ is a finite set of
control locations, I'; is the stack alphabet, F; C P, is a set of accepting control locations, A, is a finite set of transi-
tion rulesin the formof py — {piwi, ..., pron} > {qu, ..., grug}suchthatpy € P, x T, {piowy, ..., ppop} C
P! x TYand {qu,..., guz} CD;.

An ABDPDS BP), induces a relation >, C (P} x T'}) x (27T x 2P¢) defined as follows: for every w € T'?,
if py <= {po1,...,ppon} > {qu, ..., gug} € Ay, then pyo —; {poo, ..., propo} > {qu, ..., gug}.
Intuitively, if BP’, is at the configuration py w, it can fork into h copies in the configurations piwjw, ..., propw
and creates k new instances of ABDPDSs starting from the DCLICs ¢ uy, ..., g u, respectively. We sometimes
write py < {pioi, ..., prop} if py = {pror, ..., pron} >0 € A;.

A run of BP) from a configuration pw € P, x I'} is a tree rooted by pw, the other nodes are labeled by

elements of P; x I';. If a node is labelled by qulwhose children are pjw, ..., pmwmn,, then, necessarily, qu +—
{prw1, ..., pmwny} > D for some D C D;. The run is accepting iff each branch of this run infinitely often visits
some control locations in F;. Let L(BP’) be the set of all the pairs (¢, D) € P} x 'y x 2P such that BP), has an

accepting run from ¢ and that creates the set of DCLICs D.

5.3. Computing corresponding alternating BDPDSs

To perform single-indexed CTL model checking for DPNs with regular valuations, we follow the approach for
LTL model checking for DPNs. But, in this case, we need alternating MAs and Alternating BDPDSs, since CTL
formulas can be translated to alternating Biichi automata. We compute a set of AMAs Aj, ..., A), such that
for every i, 1 < i < n and every local configuration pw of P;, pw E=p f; iff ([p, fi]lw, D) € L(A}). Later, we
compute the largest set of DCLICs Dj, such that a DCLIC d satisfies f iff d € Dj,. Then, to check whether a
global configuration G satisfies f, it is sufficient to check whether for every pw € G, there exists D C D}, such

that ([p, foplew, D) € I(A],). To compute the AMAs, we construct a set of alternating BDPDSs BP; which
are synchronizations of the DPDSs P; with formulas f; such that the AMAs we are looking for correspond to the
languages accepted by these alternating BDPDSs BP’;s. We first show how to compute the alternating BDPDSs
BP. Then, we show how to compute the languages of these alternating BDPDSs BP; s, i.e. the AMAs.

We fix an index i, | < i < n. We construct an ABDPDS B7P’, such that for every pow € P} x I'}, pw Ep
fi iff ([p, filw, D) € L(BP}). We suppose w.l.o.g. that the DPDS P; has a bottom-of-stack # which is never
popped from the stack. For every a € At(f;), since A(a) is a regular set of local configurations of P;, let M, =
(Qa, Ty, 684, 1, Acc,) be a MA such that L(M,) = A(a) x {0}, and M-, = (Q-q, i, 8=0, I-4, Acc—,) a MA such
that L(M-,) = (P; x '} \ M(a)) x {@}, i.e., the set of configurations where a does not hold. To distinguish between
all the initial states p in M, and M_,, we write p, and p_, instead. W.l.o.g., we assume that the set of states @), s,
and -, s are disjoint for every a € At(f;).

Let BP, = (P, T';, A}, F;) be the ABDPDS such that P} = P; x cl(f;) U Usears)(Qa U @-0); Fi =
P; x clr(fi) U U, Aufy(Accqg U Ace,); and A7 is the smallest set of transition rules such that for every control
location p € P;, every subformula v € ci(f;) and every y € I';, we have:

1. if Yy = a or ¥ = —a, where a € At(f;); [p, ¥]y — {pyy} € A;

2. iy =Y A [p. ¥y = {[p. vily. [p. ¥aly) € A}
3.0y =y Vi [p, ¥y < {[p. ¥ily) € A and [p, ¥y < {[p. ¥2ly} € A;

2 Formulas of the form V7, fi can be verified by checking f; for I < i < n.
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4.1y =EXy; [p, ¥y = [, Yilo} > {p"o'} € Al if py = po > p'o’ € A [p, ]y <= {[p, Y1lo} € A]
if py <= pwe A;;

5.9 = AXyi; [p, ¥y = [P, vilo | py = po > p'e’ € Aj} > {p'e | py = po > p'o € A} e AY;

6. if y = E[y1 Uyl [p. ¥y <> {[p.voly} € Aj and [p.yly < {lp. ¥aly. [0, ¥} & {p'e} & A if
py = po>p'o e Ay, [p, ¥y = {[p, vily. [P, ¥]w} € A} if py = p'w e Aj;

7. if Y = Al Uyl [p, ¥y = {[p, ¥2ly} € A} and [p, ¥]y = {[p, v1ly.[p". ¥]w | py = po > p'o’ €
A} > {p'ow /IpV%p > p'w € Ay} e AU

8. 1f¢ - E[wlRl//iI) [p, Iﬂ])/ — {[p’ 1ﬂ2]% [p7 Iﬂl]y} € A/z’ and [p7 1//]]/ — {[p’ 1//-2]‘}/’ .
[p', ¥]w} > {p"@'} € A if py = p'o > p’o' € Ay, [p, ¥y < {[p. V2ly. [0, ¥]w} € Ajif py <= p'w e Ay;

9. if y = A[YnRya]; [p, ¥y = {[p, ¥2ly, [p, ¥nly} € Al and [p, ¥y < {[p, ¥2lv,
[P, ¥]w | py = po>p'o e A} > {p'e | py = po>p'o € Aj} e A

10. for every transition (g, y, ¢) in UaeAt(f,,)(Sa Ud=a); a1y = {qe} € AL,
11. forevery q € UaeAt(ﬁ)(ACCll U Aceng); qff = {qi} € AL

I

For every pw € P, x I'}, BP} has an accepting run o from [p, f;]Jw and D is the set of DCLICs created by o
iff pw =p f;. The intuition behind each rule is explained as follows.

If ¢ = a € Ai(f;), for every pw € P, x I'}, pw satisfies  iff BP) has an accepting run from [p, a]w. To check
this, BP; moves to the initial state corresponding to p in M, (i.e. p,) by Item 1 allowing to check whether M,
accepts w. Then the run of BP from p,® mimics the run of M, from the initial state p. Checking whether M,

accepts w is ensured by Item 10. If BP, is at state ¢, with y on the top of the stack and ¢ RN ¢ 1s a transition
of M,, then BP} pops y from the stack and moves the control location from ¢; to ¢. Popping y from the stack
allows to check the rest of the stack content. The configuration pw is accepted by M, iff the run of M, reaches
a final state ¢ € Acc,, i.e., the run of BP), from pw reaches the control location ¢ with the empty stack, i.e., the
stack only contains . Thus, BP; should have an infinite run from ¢ff which infinitely often visits some control
locations in F;. This is ensured by adding a loop on the configuration ¢f (Item 11) and adding ¢ into F;. The
case ¥ = —a such that a € At(f;) is similar.

If ¢ = Y| A Y, then, for every pw € P} x I'}, pw satisfies ¢ iff pw satisfies y; and y,. This is ensured by
Item 2 stating that B8P, has an accepting run from [p, ¥; A ¥»]w iff BP’; has an accepting run from [p, ¥ ]w and
[p, ¥2]w. Item 3 is similar to Item 2.

Item 4 expresses that if v = EXv, then, for every pyu € P x I'; such that y e I';, py u satisfies ¥ iff there
exists a transition t; = py — p'w € A; or b, = py — p'w > p" € A, such that p’wu satisfies ;. Thus, BP),
should have an accepting run from [p, ¥]y v iff BP) has an accepting run from [p’, ¥;]Jwu. Moreover, if ¢ is the
fired transition rule, the created DCLIC p” o’ should also be created by BP’. Item 5 is analogous.

If v = E[y1 Uyn], then, for every pyu € P, x T'} such that y € I';, pyu satisfies  iff either it satisfies 1, or
it satisfies 1/ and there exists a transition ¢} = py < p'w € A; or tp = py < p'w > p”o’ € A; such that p’owu
satisfies y. Thus, BP; has an accepting run from [p, ¥]y w iff either BP has an accepting run from [p, y¥»]y u or
BP’; has an accepting run from [p, ¥;]y v and [p’, ¥ ]wu. This is ensured by Item 6. Moreover, if #, is the fired
transition rule, the created DCLIC p”«’ should also be created by BP’,. The case v = A[y; U] is analogous.

Item 8 expresses that if v = E[y|Ryr,], then, for every pyu € P x I'} such that y € I';, pyu satisfies ¥ iff
it satisfies v, and either it satisfies also vr;, or there exists a transition {; = py < p'w € A; or {p = py <=
p'ow > p”w’ € A; such that p’wu satisfies . This guarantees that ¥, holds either always, or until both v; and v,
hold. The fact that the state [p, ¥] is in F; ensures that paths where ¥, always hold are accepting. If ¢, is the fired
transition rule, the created DCLIC p”’ should also be created by BP;. The intuition behind Item 9 is analogous
to Item 8. Then, we obtain the following lemma.

Lemma 5.1 For every i, 1 < i < n, we can compute an ABDPDS BP’; with O(| P; | - | f; | +Za€At(ﬁ)(| Qo |t
Q-, |)) states and 0((| Pl T 1A D] fil +Za€At(m(| 8o |+ 6-0a |)) transition rules such that for every
(pw, D) € Py x T x 2P, po k=p fi iff ([p. fi]w, D) € L(BP,).
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5.4. Computing L(BP’)

Let us fix an index 4, | < ¢ < n, the AMA A, we are looking for corresponds to L(BP). To compute this
language, it is insufficient to simply compute the set of configurations from which BP’; has an accepting run,
since we also need to memorize the set of DCLICs created during the run of BP}. To this aim, we follow the
automata-based approach for CTL model checking of PDSs presented in [ST11]. We first characterize the set
L(BP}), then we compute the AMA A, such that L(A}) = L(BP)).

Characterizing L(BP)): To characterize L(BP’), we introduce the function pregp, : 251 X200y pPIxTix2% yg
follows: pregp (U) = {(¢, D) | ¢ =i {e1, ..., e} > Doy, Vi1 <j < m,(c,Dj) e U, and D = U'j’.’;o D;}.
The transitive and reflexive closure of presp, is denoted by preg,, . Formally, preg, (U) = {(c, D) | (¢, D) €
U or there exist ¢y, ..., ¢, such that ¢ —; {c1, ..., ¢} > Dy, Vj a1 <j<m, (¢, Dj) € pregpf(U), and D =
Ujzo D). Let pregp,z( U) = pregp (presp (U)).

Let Ygp, =[5, ¥; where Yo = P} x I’} x {0}, Yju1 = pref, (YN F; x Ty x 2P7) forevery j > 0. Intuitively,
(¢, D) € Yy iff BP) has a run from ¢ such that each path of this run visits accepting control locations at least
once and D is the set of DCLICs created during this run. (¢, D) € Y; iff BP} has a run from ¢ such that each
path of this run visits some control locations in F; at least j times and D is the set of DCLICs created during
this run. Since Ypp, =) ;51 Y, forevery (¢, D) € Ypp,, BP’ has a run from ¢ such that each path visits some
control locations in F; infinitely often and D is the set of all the DCLICs created during this run. Thus, we get:

Proposition 5.1 L(BP}) = Ypp:.

Proof. (=) First we show that if (¢, D) € L(BP), then (¢, D) € Ypp. Since Ypp: = (=, Y&, it is sufficient to
prove that (¢, D) € Y, for every k£ > 1. The proof proceeds by induction on k. Let ] be the transitive closure
of = -

e Basis. k = 1. We show that (¢, D) € Y. Since (¢, D) € L(BP}), BP’, has a run from c such that each path of
this run infinitely often visits some control locations in F; and D is the set of DCLICs created during in this
run. Since the number of such D C D,; is finite, we can find a finite set of local configurations pywy, . .., Pm®m
such that the control locations p, ..., p,, arein F; and ¢ = {piw1, ..., pmon} > D.

Since pjw; € F; x T’ forevery j,1 < j < mand Yy = P; x I'} x {#}, we can obtain that (p;w;, 9) €
YoN F; x T x 2P:, foreveryj, 1 <j < m.
Since Y1 = prej, (Yo N Fy x T'; x 2P%), we obtain that (¢, D) € Y.

e Step. £ > 1. We show that (¢, D) € Y. Since (¢, D) € L(BP}), BP; has a run from c such that each path
of this run infinitely often visits some control locations in F; and D is the set of DCLICs created during in
this run, we can find a finite set of local configurations pjw, ..., pno,;, and sets of DCLICs D', Dy, ..., Dy,
such that the control locations py, ..., p,, arein F;, D = D' U U;ﬂ:l Dj, po=7 {piwi, ..., Pm@n} > D',
and (pjw;, D;) € L(BP}) forevery j, 1 < j < m.

By applying the induction hypothesis (induction on k) to (p;w;, D;) € L(BP;) for every j, 1 < j < m, we

obtain that (p;jw;, D;) € Yj,_; foreveryj, 1 <j < m.

Since Y = pregy (Yi—1 N F; x T'f x 2P7), we obtain that (¢, D) € Y.
(=) Let us show that if (¢, D) € Ypp, then (¢, D) € L(BP}). It is sufficient to construct an accepting run from
¢ such that D is the set of DCLICs created during this run.

Since Ypp, = ﬂjzl Y; where Yy = P, x I'} x {#}, Y41 = pregp{(Y} N F; x T x 2P for every j > 0, we
obtain that Ysp: = preg, (Yep N Fy x T} x 2P9).

Since (¢, D) € Ypp, = pr@gP/(YBp;mFi x ¥ x 2P, there exists a set of tuples {(p1w1, Dy), .. ., (Pm®m, Dm)} C
Yap, N F; x Ty x 2P such that c==7 {piw1, ..., pmom} > Iand D = Iy U ;L Dy.
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Algorithm 2: computation of Yzp:.
Input : An ABDPDS BP) = (P}, T;, A}, F});
Output: An AMA A = (Q;, Ty, 8i, 1;, {qr}) such that I(A}) = Ypp:;
1 Letk:=0,8; :={(qr, v, 9, {qs}) foreveryy e I';},and Vp € P, p = qar;
2 repeat we call this loop loop;
3 k=k+1;

. o .
Add a new transition rule p* —e/%i {p*~1} in 8; for every p € Fj;
repeat we call this loop loop,

For every py — {piw1, ..., ppop} > Din A/,
7 and every case p]’“wj—/Di*l R;forallj, 1 <j <h;
puUt, D .
8 pk w}l U?:] Rj n 82
9 until No new transition rule can be added,;

10 Remove from §; the transition rules p* 2%, {pF=1},Vp e Fi;

1 Replace in 8; transition rule p* 225, R by p* 225, 7*(R),Vp e P,y e T;, R C Q;;

2until k> 1andVp e Py €Ty, RC Pl x {E}U{g}, D C Dy p* L5, Res, iffp=' 23, = 1(R) € ;;

-

Since {(prw1, D1), ..., (pm@m, D)} C© Ypp N F; x T'7 x 2P we obtain that (pywy, Di) € Ypp, and pi, € F;
for every k, 1 < k < m. Let us construct a finite tree (run) p with root pw, the leaves of p are pjwy, ..., Pm®m,
the inner nodes of p are the successors during the run po==7 {pjwi, ..., pnwn} > I. Each path of p can visit
some control locations in F; at least once and I is the set of DCLICs created during the run p.

Since prwy, € Ypp, for every k, 1 < k < m, we can repeatedly construct a finite tree pj for the local
configuration pywj, such that p has the same properties as p. Let us replace each leaf ppw;, in p by the tree py
and obtain a new tree p such that each path of the new tree p can visit some control locations in F; at least twice.

Now we infinitely repeat this procedure to the leaves of the latest tree p. Finally, we can obtain an infinite run
such that each path of this run visits some control locations in F; and D is the set of DCLICs created during this
run. a

Computing Yzp : We show that Yzp can be represented by an AMA A; = (Q;, Iy, §;, I;, Ace;) where Q; C
P! x NU {gs} and ¢y is the unique final state, i.e., Acc; = {gs}. Let ¢* denote (g, k) € P, x N. Intuitively, to
compute Yzp,, we will compute iteratively the different Y;s. The iterative procedure computes different AMAs.

To force termination, we use an acceleration based on the projection functions 7! and 7*: for every S C Q;,
{¢" | ¢**"'eStU{glifgeSorIqg es,

(" | ¢"es) else.

n*(S)=1{¢" | 3j, 1 <j <ksuchthat¢’ e S}U{q | ¢ € S}.

7~(8) = {

Algorithm 2 computes an AMA A; recognizing Yzp. Let us explain the intuition behind the different lines
of this algorithm. Let A\ be the automaton obtained after the initialization (Line 1). It is clear that A, accepts Yj.
Let A;, be the AMA obtained at step k (a step starts at Line 3). For every p € P/, state p* denotes state p at step

k, i.e., Ay recognizes a tuple (pw, D) iff p’“%*i {gs}. Suppose the algorithm is at the beginning of the k" step
(loopy). Line 4 adds the e-transition p* -2, {p*~1} for every p € F;. Then, we obtain L(Ax_1) N F; x Iy x 2P,
loopy (Lines 5-9) is the saturation procedure that computes prej,, (I(Ag—1) N Fy x T'y x 2P4). Line 10 removes the
e-transition p¥ —<2%, {p*~1} for every p e F;. After this, we obtain pregp (L(Ag—1) N F; x T} x 2P). Thus, in

case of termination, the algorithm outputs Ypp,. The substitution at Line 11 is used to force termination. Thus,
we can show the following theorem.
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Theorem 5.1 Algorithm 1 always terminates and produces Ypp:.

Proof. The proof follows the proof of [ST11]. Algorithm 1 follows the idea of the algorithm of [ST11]. computing an
AMA recognizing the language of an ABDPDS when transition rules are in the form of py < {pjwy, ..., pron},
1.e., D; = @ . The main differences are:
To compute pregy, (L(Ag-1) N F; x T} x 2P, instead of using the following saturation procedure given in
[BEM97] that computes reachable configurations of Alternating PDSs:
w; /0 k v/9

If py = {piw1, ..., pmon} € A, and pf%*i Rj, forj, 1 <j <m, add p* ==, U™ R; in ;.
We use the following saturation procedure:
If py = {piowi, ..., phop} > D € A, and pfﬂi*i R;forj, 1 <j<h,addp U'_| R;iné;.
The idea behind our saturation procedure is the following: suppose py — {piwi, ..., prwp} > D € A
F . i/ D’ /D"
and for every j, 1 < j < h, (pjw;o', D)) is in L(A,_;) N F; x T'F x 2P (ie, pflﬁ*i Ry&*i {gr} and

) . puJ'_, D}
D; = Dj U D). Then, Lines 3-6 add the new transition rule p* RACES LN

k V/DUU;":I Dy
_—

i U;’zl R; that allows to accept

(pyo’, DU U,?:l Dj), ie., (pyo, DU U;-lzl D;) e pregpg({(plwlw’, Dy), ..., (pjwjo’, D))}). a
Complexity. Following [ST11], we can show that loop, can be done in time O(| P} | - | A, | -24P*Pi0) The
substitution (Line 11) and termination condition (Line 12) can be done in time O(| T; | - | P | -227i1*1P:1) and

O(| T | - | P, | -2IPi*1Pily respectively. Putting all these estimations together, the global complexity of Algorithm
2is O(| P! RN AL Ty NPl

By Proposition 5.1 and Theorem 5.1, we get:
Lemma 5.2 Given an ABDPDS BP';, we can construct an AMA A, with O(| T; | - | P} | -2'PH1P:0) transitions and
O(| P} |) states in time O(| P, |> - | A | - | Ty | -25Pi* 1Py such that L(BP)) = I(A)).

From Lemmas 5.1 and 5.2, we get:

Lemma 5.3 We can compute AMAs Ay, ..., A intime O (| Pi | -1 fi | B> (I Py |- I Ti |+ 1A D fil
+d)- | Ty | 25UPHARRDY) sych that for every i, 1 < i < n, pw € P; x %, po E=p fi iff ([p, f], D) € L(A),
where k = ZaeAt(f,)ﬂ Qo |+ | Q-gl)and d = ZaeAt(ﬂ)(I Sa | +138-a )

5.5. CTL Model checking for DPNs with regular valuations

By Lemma 5.3, we obtain a set of AMAs {A},..., A} such that for every ¢, ] < i < n and every local
configuration pw € P; x T'}, pw =p f; iff ([p, filw, D) € L(A}). Following the approach for single-indexed LTL
model checking for DPNs, to obtain an efficient procedure, we compute the largest set D), of DCLICs such that
forevery d € J]'_, D;, d satisfies f iff d € D}p. Then, to check whether a global configuration G satisfies f, it is
sufficient to check whether for every pw € G, there exists D C D, such that ([p, fup)lw, D) € L(A,,)). D}, can
be computed as done in Sect. 3.2. We can show that:

Theorem 5.2 We can compute AMAs A, ..., A, intime O " (((IPi| - | fi | +k)* - (1P| - ITul + 1 A D | fi |
+d)- | Ty | -25UPHERRHDYY such that for every global configuration G, G satisfies f iff for every pw € G, there

exists D C Dy, such that ([p, fople, D) € L(A,,)), where k = ZaeAt(ﬁ)(l Qo | +1Q-0s)) and d = ZGEAt(ﬁ)(l
8o | +18-a D)

6. Conclusion and future work

In this work, we show that the model checking problems for DPNs against single-indexed LTL and CTL with
simple and regular valuations are decidable. We present automata-based algorithms for these problems which
construct a set of MAs (resp. AMASs) to finitely represent all the global configurations of a DPN that satisfy a
given LTL (resp. CTL) formula.



420 F. Song, T. Touili

In DPNS, instances of DPDSs do not allow to communicate with each other, therefore DPNs cannot model
multi-threaded programs that have synchronization such as message passing, global variables or lock/unlock
mechanism. Omitting the synchronization in multi-threaded programs, the DPN models will not precise. For
lock/unlock synchronized programs, the resulting models could be an over-approximation of the programs.
Extending of DPNs with synchronization is non-trivial. The pairwise reachability problem of DPNs extended
with a simple synchronization mechanism, lock/unlock, will be undecidable even for the DPNs without dynamic
thread creation [KGO6]. It is show that the problem will be decidable if DPNs are extended with well-nested
lock/unlock is decidable [LMOWO09]. We plan to investigate the single-indexed LTL/CTL model-checking problem
for DPNs with well-nested lock/unlock, so that the DPNs can model programs that synchronized via well-nested
lock/unlock mechanism.
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