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Abstract. A Dynamic Pushdown Network (DPN) is a set of pushdown systems
(PDSs) where each process can dynamically create new instances of PDSs. DPNs
are a natural model of multi-threaded programs with (possibly recursive) pro-
cedure calls and thread creation. Thus, it is important to have model-checking
algorithms for DPNs. We consider in this work model-checking DPNs against
single-indexed LTL and CTL properties of the form A f; s.t. f; is a LTL/CTL
formula over the PDS i. We consider the model-checking problems w.r.t. simple
valuations (i.e, whether a configuration satisfies an atomic proposition depends
only on its control location) and w.r.t. regular valuations (i.e., the set of the con-
figurations satisfying an atomic proposition is a regular set of configurations). We
show that these model-checking problems are decidable. We propose automata-
based approaches for computing the set of configurations of a DPN that satisfy
the corresponding single-indexed LTL/CTL formula.

1 Introduction

Multithreading is a commonly used technique for modern software. However, mul-
tithreaded programs are known to be error prone and difficult to analyze. Dynamic
Pushdown Networks (DPN) [4] are a natural model of multi-threaded programs with
(possibly recursive) procedure calls and thread creation. A DPN consists of a finite set
of pushdown systems (PDSs), each of them models a sequential program (process) that
can dynamically create new instances of PDSs. Therefore, it is important to investi-
gate automated methods for verifying DPNs. While existing works concentrate on the
reachability problem of DPNs [4418I1709/15l24], model checking for the Linear Tem-
poral Logic (LTL) and the Computation Tree Logic (CTL) which can describe more
interesting properties of program behaviors has not been tackled yet for DPNs.

In general, the model checking problem is undecidable for double-indexed proper-
ties, i.e., properties where atomic propositions are interpreted over the control states
of two or more threads [[L1]]. This undecidability holds for pushdown networks even
without thread creation. To obtain decidable results, in this paper, we consider single-
indexed LTL and CTL model checking for DPNs, where a single-index LTL or CTL
formula is a formula of the form A f; such that f; is a LTL/CTL formula over the PDS i.
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A DPN satisfies A f; iff every PDS i that runs in the network satisfies the subformula f;.
We first consider LTL model-checking for DPNs with simple valuations where whether
a configuration of a PDS i satisfies an atomic proposition depends only on the control
state of the configuration. Then, we consider LTL model-checking for DPNs with regu-
lar valuations where the set of configurations of a PDS satisfying an atomic proposition
is a regular set of configurations. Finally, we consider CTL model-checking for DPNs
with simple and regular valuations. We show that these model-checking problems are
decidable. We propose automata-based approaches for computing the set of configura-
tions of a DPN that satisfy the corresponding single-indexed LTL/CTL formula.

It is non-trivial to do LTL/CTL model checking for DPNSs, since the number of in-
stances of PDSs can be unbounded. Checking independently whether all the different
PDSs satisfy the corresponding subformula f; is not correct. Indeed, we do not need
to check whether an instance of a PDS j satisfies f; if this instance is not created dur-
ing a run. To solve this problem, we extend the automata-based approach for standard
LTL/CTL model-checking for PDSs [2l8l7/20]. For every process i, we compute a finite
automaton A; recognizing all the configurations from which there exists a run o of the
process i that satisfies f;. A; also memorizes the set of all the initial configurations of
the instances of PDSs that are dynamically created during the run o. Then, to check
whether a DPN satisfies a single-indexed LTL/CTL formula, it is sufficient to check
whether the initial configurations of the processes are recognized by the corresponding
finite automata and whether the set of generated instances of PDSs that are stored in the
automata also satisfy the formula. This condition is recursive. To solve it, we compute
the largest set Dy, of the dynamically created initial configurations that satisfy the for-
mula f. Then, to check whether a DPN satisfies f, it is sufficient to check whether the
initial configurations of the different processes are recognized by the corresponding fi-
nite automata and whether the dynamically created initial configurations that are stored
in the automata are in Dy,,.

To compute the finite automata A;s, we extend the automata-based approaches for
standard LTL [2l7i8]] and CTL [20] model-checking for PDSs. For every i, 1 <i < n,
we construct a Biichi Dynamic PDS (resp. alternating Biichi Dynamic PDS) which is a
synchronization of the PDS i and the LTL (resp. CTL) formula f;. Biichi Dynamic PDS
(resp. alternating Biichi Dynamic PDS) is an extension of Biichi PDS (resp. alternating
Biichi PDS) with the ability to create new instances of PDSs during the run. The finite
automata A;s we are looking for correspond to the languages accepted by these Biichi
Dynamic PDSs (resp. alternating Biichi Dynamic PDSs). Then, we show how to solve
these language problems and compute the finite automata A;s.

Related Work. The DPN model was introduced in [4]. Several other works use DPN
and its extensions to model multi-threaded programs [4/911718/24]. All these works
only consider reachability issues. Ground Tree Rewrite Systems [10] and process
rewrite systems [5419] are two models of multi-threaded programs with procedure calls
and threads creation. However, [19] only considers reachability problem and [10.5] only
consider subclasses of LTL. We consider LTL and CTL model checking problems.
Pushdown networks with communication between processes are studied in
[3U6U1122]]. These works consider systems with a fixed number of threads. [15l16] use
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parallel flow graphs to model multi-threaded programs. However, all these works only
consider reachability. [25] considers safety properties of multi-threaded programs.

[L112013] study single-index LTL/CTL and double-indexed LTL model
checking problems for networks of pushdown systems that synchro-
nize via a finite set of nested locks. [14] considers model-checking on
properties that are expressed in a kind of finite automata for such net-
works of pushdown systems. These works don’t consider dynamic threads
creation.

Outline. Section 2] gives the basic definitions. Section 3 and Section H] show LTL and
CTL model-checking for DPNs, respectively. Due to lack of space, proofs are omitted
and can be found in the full version of this paper [21]].

2 Preliminaries

2.1 Dynamic Pushdown Networks

Definition 1. A Dynamic Pushdown Network (DPN) M is a set {P1,...,P,} s.t. for
everyi, 1 <i<n, P; = (P;,[;,4;) is a dynamic pushdown system (DPDS), where P;
is a finite set of control locations s.t. Py N P; = 0 for k # i, I'; is the stack alphabet,
and 4; is a finite set of transition rules in the following forms: (a) qy — piw; or (b)
qy = prwi>prwy s.t. q,p1 € Pi,y € I,wy €I, prws € ijf;forsomej, 1<j<n.

A global configuration of M is a multiset G over |Ji_, P; x I';. Each element gw €
P;xI't NG denotes that an instance of #; running in parallel in the network is at the local
configuration qu, i.e., P; is at the control location ¢ and its stack content is w. If w = yu
for y € I'; and there is in 4; a transition (a) gy < piw; or (b) gy < piw; > prws s.t.
pawy € P; X I'j, then the instance of P; can move from gw to the control location p
and replace y by w at the top of its stack, i.e., $; moves to pjw;u. The other instances
in parallel in the network stay at the same local configurations. In addition, transition
(b) will create a new instance of $; starting from pw,. Formally, a DPDS #; induces
an immediate successor relation =>; as follows: for every w € I'}, if gy < piw; € 4,
then gyw =; p1ww; if gy — prw; > prw; € 4;, then gyw =; piwiw > {prw,}. To
unify the presentation, if gyw =; piwiw, we sometimes write gyw =; pijwjw > 0
instead. The transitive and reflexive closure of =; is denoted by =. Formally, for
every pw € P;XI'}, pw =7 pw>0; and if pw =; piw1>D; and p1w; =} prwr>Ds,
then pw =} pw; > D1 U D;. :>,+ is defined as usual.

A DPDS #; can be seen as a pushdown system (PDS) with the ability of dynami-
cally creating new instances of PDSs. The initial local configuration of a newly created
instance is called DCLIC (for Dynamically Created Local Initial Configuration).

A local run of an instance of #; from a local configuration ¢y is a sequence of local
configurations cocy... over P; X I'7 s.t. for every j > 0, ¢; =; ¢j1 > D for some D. A
global run p of M from a global configuration G is a (potentially infinite) set of local
runs. Initially, p contains exactly the local runs starting from the local configurations
in G. Whenever a DCLIC c is created by some local run of p, a new local run starting
from c is added into p. For every i, 1 < i < n, let p(o) = i iff o is a local run of an
instance of #;, and p(pw) = p(p) = i iff p € Pi. Let O; = {prwy € U, Pix I} | gy —
p1w| > prwy € 4;} be the set of potential DCLICs of the DPDS #;.
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2.2 LTL and Biichi Automata
From now on, we fix a set of atomic propositions AP.

Definition 2. The set of LTL formulas is given by (where a € AP):
Yyou=al | YAy | Xy | YUY

Given an w-word 7 = apa;... over 247, let n(k) denote oy, and 77, denote the suffix
of n starting from . n | ¢ (n satisfies ¢) is inductively defined as follows: i | a iff
aenOxnE-~wifnE v nE W Ay iftnE g andn E Yo n E Xyiff g E y;
n = Y1 Uy, iff there exists k£ > 0 such that 7 |= > and forevery j, 1 < j <k, n; E ¢;.

Definition 3. A Biichi automaton (BA) B is a tuple (G, X, 0, g°, F) where G is a finite
set of states, X is the input alphabet, 6 C G X X x G is a finite set of transitions, g° € G
is the initial state and F C G is a finite set of accepting states.

A run of B over an w-word apa;... is a sequence of states gogi... s.t. go = g° and
(gi» @i, qir1) € 0 for every i > 0. A run is accepting iff it infinitely often visits some
states in F.

It is well-known that given a LTL formula f, one can constructa BA By s.t. 2’ = QAP
recognizing all the w-words that satisfy f [23].

2.3 Single-Indexed LTL for DPNs

Let M = {Py,...,P,} be a DPN. A single-indexed LTL formula is a formula f of the
form A, fi s.t. for every i, | < i < n, f; is a LTL formula in which the validity of
the atomic propositions depends only on the DPDS #;. Let 1 : AP —» 2Uizi PXI7 be
a valuation which assigns to each atomic proposition a set of local configurations. A
local run powopiwi... of P; satisfies f; iff the w-word apa;... where for every j > 0,
aj ={a € AP | pjw; € A(a)}, satisfies f;. A local configuration ¢ of P; satisfies f; iff
P; has a local run o from c that satisfies f;. If D is the set of DCLICs created during
the run o, we write ¢ =p f;. M satisfies f iff it has a global run p such that for every i,

1 <i < n, each local run of P; in p satisfies the formula f;.

2.4 Multi-automata and Predecessors

From now on, we fix a DPN M = {Py,..,P,} where for every i, 1 < i < n,
P; = (P;,I,4;), and a single-indexed LTL formula f = A, fi. To check whether
M satisfies f is non-trivial. Indeed, it is not correct to check independently whether
each P; satisfies f;. Instead, we need to check whether there exists a global run p from
a global configuration G s.t. an instance of P; satisfies the formula f; only if it is an
instance in G or it is dynamically created during the run p. Thus, it is important to
memorize the set of DCLICs that are created during a run. To this aim, we introduce the
function prep, : 2PXT2% 5 2PXITX2% 45 follows. prep,(U) = {(c,D; U D) | Ac’ €
P;xT7, s.t.c =; ¢’ > Dy and (¢, Dy) € U}. Intuitively, if $; moves from ¢ to ¢’ and
generates the DCLIC D, and (¢’, D) € U, then (¢, D1 U D;) € prep,(U). The transitive
and reflexive closure of prep, is denoted by prey, . Formally, preg, (U )={(c, D1 UD,) |
dc" € Pix T}, s.t.c =} ¢’ >Dyand (¢’,Dy) € U} Letpre (U)—pre (prep(U))
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To finitely represent (infinite) sets of local configurations of DPDSs and DCLICs
generated by DPDSs, we use Multi-automata and Alternating Multi-automata.

Definition 4. An Alternating Multi-automaton (AMA) is a tuple A; =
(Q;, T, 6, 1;, Acc;), where Q; is a finite set of states, I; C P; is a finite set of ini-
tial states corresponding to the control locations of the DPDS P;, Acc; C Q; is a finite
set of final states, 5; C (Q; x I';) x 221 x 29 is a finite set of transition rules.

AMA is a AMA A; s.t. §; C (Q; x I'}) x 2P x Q..

We write pﬂn {q1, ..., g} instead of (p,vy, D,{q1, ..., qm}) € 0;, where D is a set of
DCLICs. We define the relation —7C (Q;xI'7)x2%x2% as the smallest relation s.t.: (1)

-8 {q) for every g € Qi, (2)if ¢ 257 (g1, . g and =225 S fork, 1 <k <m,

then qwf} i1 Sk. Let L(A;) be the set of tuples (pw, D) € P; x I'; x 27

s.t. p~2B% S for some S C Acci. A set W C P; x I'; x 2% is regular iff there exists an

AMA A; s.t. L(A;) = W. A setof local configurations C C P; X I is regular iff C x {0}
is a regular set.

Given a DPDS #; and a regular set W C P; x [T X 29: accepted by a MA

A; = (0, T;, 6, 1;, Acc;), we can construct a MA Af’g* = (Qi. I';, 6), I;, Acc;) that exactly
accepts preg, (W). W.Lo.g., we assume that A; has no transition leading to an initial state

and that P; = I;. AY " is constructed by the following saturation procedure (an adaption
of the saturation procedure of [2]).

— For every py — piw; € 4; and plw—'/Df; q, add a new rule p ﬂn q;

— Forevery py < piwi>prw; € 4; and plw—'/Df; q, add a new rule p Mn q
The procedure adds only new transitions to A;. Since the number of states is fixed,
the number of possible new transitions is finite. Thus, the saturation procedure always
terminates. We can show that each transition can be processed only once. Thus, the
number of transition rules added into A? ™" is at most O(|4;] - |Q;? - 2'21). The intuition
behind this procedure is that, for every w’ € I'}: suppose py < piw| > prw; € 4; and

the tuple (p w;w’, D) is accepted by the automaton, i.e., plﬂ‘ﬁ qﬂfi g for some

.. D
g € Acc; and D = Dy U D,. Then, we add the new transition rule p M,- q that

. D s
allows the automaton to accept (pyw’, DU {prws)), i.e., p L212elf &/D3s o The

case py < pjw; € 4; is similar. Thus, we obtain the following theorem.

Theorem 1. Given a MA A; recognizing a regular set W of the DPDS $;, we can con-
struct a MA A" recognizing pre;, (W) in time O(14;] - |Q;|* - 221

3 Single-Indexed LTL Model-Checking for DPNs

In this section, we consider LTL model checking w.r.t. a labeling function !/

U~ Pi — 2% assigning to each control location a set of atomic propositions. In this
case, the valuation A; (called simple valuation) is defined as follows: for every a € AP,
A(a) = {pw € U, PixI} | a € (p)}. A global configuration G satisfies f = A f; iff M
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has a global run p from G s.t. every local run o of p satisfies f,- where p(c) denotes
the index of the DPDS which corresponds to the local run o~. Checking whether G sat-
isfies f is non-trivial since the number of local runs of p can be unbounded. We cannot
check all the different instances of the DPDSs independently. Indeed, we don’t have to
check whether an instance of P; (for some i, 1 < i < n) satisfies f; if this instance is
not created during the execution. We can solve this problem in a naive way as follows:
Given an initial global configuration G, we can guess the set of DCLICs D C Ul’f:] D;
which are created in a global run from G such that the global run satisfies f. Then, it is
sufficient to check that every local configuration ¢ € G U D satisfies the LTL formula
Joe) when disallowing the transition rules which create a DCLIC outside of D and dis-
carding the DCLICs inside of D. Checking whether c satisfies f,) could be solved by
LTL model-checking for PDSs [27] if we discard the DCLICs of the DPDS. However,
this naive technique is very complicated as it necessitates an exponential number of
calls to the LTL model checking algorithm of PDSs. Moreover, it is very complex. We
have to consider all the possible sets of DCLICs whose number is at most O(2!Ui=1 2i1),
and for each set D of DCLICs, we have to perform at most O(| i, D;|) times of LTL
model-checking algorithm for PDSs, where LTL model-checking for PDSs is in time
O(Py))* - gyl - 27!y [2I7). Thus, the complexity of checking whether G satisfies f
or not will be 0(2!U= i . Saeur, g (Pl - gl - 2%@h)).

To overcome these problems, we propose in this section a direct algorithm. We com-
pute for every i, 1 < i < n, a MA A; such that (¢, D) € L(A;), where c is a local
configuration of $; and D C 9; is a set of DCLICs, iff #; has a local run o from ¢
that satisfies f; such that D is the set of DCLICs created during the local run o. Then, a
global configuration G satisfies f = A f; iff for every configuration ¢ € G, there exists
a set of DCLICs D, s.t. (¢, D) € L(Ay) and every d € D, satisfies f. This condition
is recursive. However, it can be effectively checked since there is only a finite number
of DCLICs. Checking this condition naively is not efficient. To obtain a more efficient
procedure, we compute the largest set Dy, C (i, D; of DCLICs such that d € Dy, iff
d is a DCLIC and there exists a global run of M starting from d that satisfies f. Then,
to check whether a global configuration G satisfies f, it is sufficient to check for every
¢ € G whether there exists D. € Dy, s.t. (¢, D) € L(Ay())-

3.1 Computing the MAs A;

To compute the MAs A;, for i, 1 < i < n, we extend the automata-based approach
for standard LTL model-checking for PDSs [2l7]. We first compute a Biichi automaton
(BA) B, that corresponds to the formula f;, for i, 1 < i < n. Then, we synchronize
the BAs with the DPDSs to obtain Biichi DPDSs. The MAs A; we are looking for
correspond to the languages accepted by these Biichi DPDSs.

Definition 5. A Biichi DPDS (BDPDS) is a tuple BP; = (P;,I,4;,F;), where
(P;, I';,4;) is a DPDS and F; C P; is a finite set of accepting control locations.

A BDPDS is a kind of DPDS with a Biichi acceptance condition F;. Runs of a BDPDS
are defined as local runs for DPDSs. A run o of BP; is accepting iff o infinitely often
visits some control locations in F;. Let L(B%;) be the set of all the pairs (¢, D) € P; X
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I x 2%: 5.t. BP; has an accepting run from ¢ and the run generates the set of DCLICs
D.

Let B; = (G;,2*",6;,8?, F;) be the BA recognizing all the w-words that satisfy f;. We
compute a BDPDS B%; such that #; has a local run from pw that satisfies f; and gener-
ates a set of DCLICs D iff ([p, g?]a), D) € L(BP;). We define BP; = (P; X G;, I';, 4], F))
as follows: for every p € P;, [p,g] € F] iff g € F;; and for every (g1, l(p), g2) € 6;, we
have:

L. [p,gily = [p1, glw; € 4} iff py — piw; € 4;;
2. [p,gily = [p1.&2lw > D € A} iff py — piw; > D € 4;.

Intuitively, BP; is a product of $; and the BA B;. B; has an accepting run gog; ... over an
w-word I(pg)l(py)... that corresponds to a local run o = powy piwi ... of P; iff BP; has an
accepting run o = [po, golwo [p1, g1]wi..., and D is the set of DCLICs created during
the run o iff D is the set of DCLICs created during the run o”. Suppose the run of #; is at
pjwj, then the run of B; can move from g; to g ;.1 iff (g, l(p;), g j+1) € 6;. This is ensured
by Items 1 and 2 expressing that 8P; can move from [p}, g;jlw; to [pjs1, & jr1]wjsr iff
(g, Upj), gj+1) € 6. The accepting control locations F; = {[p,g] | p € Pi,g € Fi}
ensures that the run of B; visits infinitely often some states in F; iff the run of BP; visits
infinitely often some control locations F;. Item 2 ensures that the run of #; creates a
DCLIC pw; iff the run of BP; creates this DCLIC. Thus, we obtain the following
theorem.

Lemma 1. P; has a local run from pw that satisfies f; and creates a set of DCLICs D
iff ([p, g?]a), D) € L(BP;), where BP; can be constructed in time O(|4;| - 211,

The complexity follows from the fact that the number of transition rules of BP; is at
most O(|4;] - 2A1).

Computing L(B%P;): Let us fix an index i, 1 < i < n. We show that computing L(BP;)
boils down to preg, computations.

Proposition 1. Let BP; = (P;, [, 4;, F;) be a BDPDS, BP; has an accepting run from
¢ € P;xX It and D is the set of DCLICs created during this run iff 1Dy, D2, D3 C D; s.1.
DZD] UD2UD3, and

(a1) : ¢ =} pyw > Dy for some w € I'};

(@) : py =] gu> Dy and gu = pyv > D;, for some g € Fi,v eI}

Intuitively, an accepting run from ¢ will reach a configuration pyw (Item «;) fol-
lowed by a repeatedly executed cycle (Item ;) which is a sequence of configurations
with an accepting location g. The execution of the cycle returns to the control location
p with the same symbol y at the top of the stack. The rest of the stack will never be
popped during this cycle. Repeatedly executing the cycle yields an accepting run (since
g € F;) and the set of DCLICs generated during this cycle is D, U D3. Thus, the set
of DCLICs created by the accepting run starting from c¢ is D; U D, U Ds. To compute
L(BP;), we reformulate the above conditions as follows:
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Proposition 2. Let BP; = (P;, I, 4;, F;) be a BDPDS, BP; has an accepting run from
¢ € P; X T and D is the set of DCLICs created during this run iff ADy, D} C D; s.t.
D =D, UD),, and

(B1) = (¢, D) € preg, ({p} X yI7; X {0});

(B2) : (py, D)) € pre;',i((F,-XI"?XZDI')ﬂpre;i({p}xyffx{(/)})) (note that D, = D,UDs3).

Intuitively, items S; and B, are reformulations of items «@; and a», respectively.
By Proposition 2l we can get that L(BP;) = {(c,D; UDj}) € P; x I} x 2P |
Items g and 3, hold}. Since F; X I'7 x 29 and {p} X yI'7 x {0} are regular sets, us-
ing Theorem[I] we can construct two MAs A’ and A” accepting pre;,i((F i X7 X 22)n
pre;i({p} x yI'? X {0})) and pre*ﬂ({p} X yI'T X {0}). The intersection (F; X I'7 X 29y N
pre;i({p} x yI'7 x {0}) is easy to compute. Since F; X I} X 2%: denotes all the configura-
tions whose control locations are accepting, we only need to let the initial states of A”
be the states of F;. Since the set P; x I'; x 22 is finite, we can determine all the tuples
(py. D)) € P; XTI X 2% s.t. Item S8, holds. The set of pairs (c, D) is the union of all
the sets pre, ({p} x yI'; x {0}). Thus, we can get L(B%). For every BDPDS #; and MA
Aj, prej, (L(A) and prej, (L(A;)) can be computed in time O(|4i| - |Qi? - 2121), where
|Qil = O(|P;]). Thus, we get that:

Lemma 2. For every BDPDS BP; = (P;,I';,4;, F;), we can construct a MA A; in time
o4y - |IT| - [P - 221 such that L(A;) = L(BP;).

From Lemma[lland Lemmal] we get:

Theorem 2. Given a DPN M = {P, ..., Pn}, a single-indexed LTL formula f = \_, f;
and a labelling function I, we can compute MAs A, ..., Ay, in time O, (|4 - 21
T| - |P;? - 221 s.t. for every i, 1 < i < n, every pw € P; X I''and D C D, pw Ep fi
if ([p, &lw, D) € L(A).

3.2 Single-Indexed LTL Model-Checking for DPNs with Simple Valuations

Given a DPN M = {P, ..., P,,} and a single-indexed LTL formula f = AL, fi, by The-
orem[2 we can construct a set of MAs {Aj, ..., A,} s.t. forevery i, | <i < n, and every
local configuration pw € P; X I'], pw Ep f; iff ([p, g?]a), D) € L(A;). Then, to check
whether a global configuration G satisfies f, we need to check whether for every local
configuration ¢ € G, there exists a set of DCLICs D, s.t. (¢, D) € L(Ay ) and every
DCLIC d € D, satisfies f, i.e., there exists a set of DCLICs Dy s.t. (d, Dg) € L(Ay)),
etc. This condition is recursive. It can be solved, because the number of DCLICs is
finite. To obtain a more efficient procedure, we compute the maximal set of DCLICs
Dyp s.t. for every d € UL, Dy, d satisfies f iff d € Dy,. Then, to check whether G
satisfies f, it is sufficient to check whether for every ¢ € G, there exists D, C Dy, s.t.
(¢, D¢) € L(Ap(e))-

Let {Ai,..., Ay}, s.t. for every i, 1 < i < n, A; = (Q;, 11,05 1;,Acc;), be
the set of the computed MAs. Intuitively, Dy, should be equal to the set of lo-
cal configurations pw € ., D; s.t. there exists D C Dy, st. pw Ep fop), ie.,

([p, gg(p)]a), D) € L(Ayp)). Thus, Dy, can be defined as the greatest fixpoint of the
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function F(X) = {pw € O; | AD < X s.t. ([p, gg(m]w, D) € L(Ayp))). This set
can then be computed iteratively as follows: Dy, = ()59 D;, where Dy = D; and
Dji1 = {pw € Dy | AD € D;, ([p, gg(p)]w, D) € L(Ayp)} for every j > 0. Since
U?:l D; is a finite set, and for every j > 0, D;, is a subset of D;, there always exists a
fixpoint m > 0 such that D,, = Dy, . Then, we can get that Dy, = D,,.

For every pw € U, D; and D C Dy, to avoid checking whether ([p, gg(p)]w, D) e
L(Ayp)) at each step when computing Dy, Dy, ..., we can compute all these tuples that
satisfy this condition once and store them in a hash table. We can show that whether or
not ([p, gg(p)]a), D) € L(Ayp)) can be decided in time O(|w| - [0 - |Qp(p)! - 2ol
Thus, we can get the hash table in time O(preu,ll 0,0l 6o - 1O - 2P0l)). Given
Dj and the hash table, we can compute D, in time O(X poe 1, o, 20wy, Thus we can
get Dy, in time O(F poen, (0] - 160 - 1Qpip] - 221 + |Dyl* - 2121).

Theorem 3. We can compute Dy, in time O(prGU?:] o,(wl < 16ppm] + 1Qpm - 21Pol 4
[UL, Dil- 2Powly) s.1. for every ¢ € UL, D;, ¢ satisfies the single-indexed LTL formula
fiffce Dy,

Then, from Theorem[3land Theorem Pl we get the following theorem.

Theorem 4. Given a DPN M = {P, ..., Pn}, a single-indexed LTL formula f = \_, f;
and a labelling function I, we can compute MAs A, ..., Ay, in time O, (|4 - 2l
T3] - |Pi]? - 2P s.1. for every global configuration G, G satisfies f iff for every pw € G,

there exists D C Dy, s.t. ([p, gg(p)]a), D) € L(Ayp)).

You can see that the complexity of our technique is better than the one of the naive
approach given at the beginning of Section[3

3.3 Single-Indexed LTL Model-Checking with Regular Valuations

We generalize single-indexed LTL model checking for DPNs w.r.t. simple valuations
to a more general model checking problem where the set of configurations in which
an atomic proposition holds is a regular set of local configurations. Formally, a regular
valuation is a function A : AP — 2Uii X7 g t. for every a € AP, A(a) is a regular
set of local configurations of P; for i, 1 < i < n. The previous construction can be
extended to deal with this case. For this, we follow the approach of [8]. We compute,
fori, 1 <i < n,anew DPDS £}, which is a kind of synchronization of the DPDS #; and
the deterministic finite automata corresponding to the regular valuations. This allows to
determine whether atomic propositions hold at a given step by looking only at the top
of the stack of #;, for every i, 1 < i < n. By doing this, we can reduce single-indexed
LTL model checking for DPNs with regular valuations to single-indexed LTL model
checking for DPNs with simple valuations. Due to lack of space, we omit the details.
They can be found in the full version of this paper [21]].

Theorem 5. Given a DPN M = (P, ..., P,}, a single-indexed LTL formula f = N\, f;
and a regular valuation A, we can compute MAs Ay, ..., A, in time O (4] - pA
T3l -|S tates;| - | P> - 2P1)) s.t. for every global configuration G, G satisfies f iff for every
pw € G, there exists D C Dy, s.t. ([p, g Jw,D) € L(Aypy), where |S tates;| denotes

o(p)
the number of states of the automata corresponding to the regular valuation A.



42 F. Song and T. Touili

4 Single-Indexed CTL Model Checking for DPNs

In this section, we consider single-indexed CTL model-checking for DPNs with regular
valuations. Single-indexed CTL model-checking for DPNs with simple valuations is a
special case.

4.1 Single-Indexed CTL

For technical reasons, we suppose that CTL formulas are given in positive normal form,
i.e., only atomic propositions are negated. Indeed, any CTL formula can be translated
into positive normal form by pushing the negations inside. Moreover, we use the re-
lease operator R as the dual of the until operator U. Let AP be a finite set of atomic
propositions. The set of CTL formulas is given by (where a € AP):

You=a | -a | YAy [y vy | AXy | EXy | AlyUyl| E[yUy] | A[YRy] | E[yRy].

The other standard CTL operators can be expressed by the above operators. E.g., EFy =
E[trueUy], AFy = AltrueUy], EGy = E[falseRy] and AGY = Al falseRy]. The
closure cl(y) of ¢ is the set of all the subformulas of ¥ including . Let At(y) = {a €
AP |a € cl(y)} and clr(y) = (¢ € cl() | ¢ = E[¢1Ry] or ¢ = A[y1Ry]}.

Let A : AP — 2Ui= PXIT 3 regular valuation assigning to each atomic proposition a
regular set of local configurations. A local configuration ¢ satisfies a CTL formula f;,
(denoted ¢ E* f;), iff there exists D C D; s.t. ¢ |=}, fi holds, where [}, is inductively
defined in Figure [[I Intuitively, ¢ lzf) /i means that ¢ satisfies f; and the executions
that made c satisfy f; create the set of DCLICs D, i.e., when a transition rule gy —
piw; > paw; is used to make f; satisfied, prw; is in D. We write ¢ |p f; instead of
c |=$ f; when A is clear from the context.

A single-indexed CTL formula f is a formula of the form A f; s.t. for every i, 1 <
i < n, f;is a CTL formula in which the validity of the atomic propositions depends only
on the DPDS ;. A global configuration G satisfies f = A f; iff for every c € G, there
exists a set of DCLICs D € Dy s.t. ¢ Fp fo) and for every d € D, d also satisfies f.

4.2 Alternating BDPDSs

Definition 6. An Alternating BDPDS (ABDPDS) is a tuple BP; = (P, I, 4, F),
where P; is a finite set of control locations, I'; is the stack alphabet, F; C P is a
set of accepting control locations, A} is a finite set of transition rules in the form of
PY = {p1w1, ..., prwp} > {q1us, ..., quui} s.t. py € P X I, {p1rwi, ..., ppwn} © P X TF
and {quy, ..., qrug} € D

An ABDPDS B8] induces a relation —; C (P} x I'7) x (2F*I" x 21) defined as
follows: for every w € I}, if py = {piwi,..., prwn} > {qiu1, ..., qu} € 4;, then
Pyw Wi {P1Wiw, ..., prwpw} > {qiu, ..., qrug). Intuitively, if BP; is at the configura-
tion pyw, it can fork into % copies in the configurations p;w;w, ..., ppwpw and creates k
new instances of ABDPDSs starting from the DCLICs quy, ..., gk, respectively. We
sometimes write py — {piwi, ..., prwy} if py — {p1w1, ..., prwp} > 0 € 4,.
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cEja = c € Aa);
cEyma = c ¢ Aa);
cEp Ay & AD,, Dy C UL, D; s.t. D = Dy U D, Ci:é,]n//. and (‘l:gzwz;
BRI Vi & cEpY or e
cELAX ¢ & Forevery ci,....cy € Py X I} st for j, 1< j<m,AD;, D) € ULy Diy ¢ =i ;> D, cjf=p ¥
and D = U7‘=1(D/ V] D/,.);
cEpEX v < Thereexist ¢’ € P;x I'7, D',D" C UL, D; s.t.c=; ¢’ > D", c'E},yand D=D' UD";
¢} Al U] & For every path o = cocy.... with ¢g = ¢, forevery m > 1,3AD), € UL, Dy, .t Cuoy = € > D),
and 3k > 0, s.t. 3D C UL Dis e ¥2, V), 0 < j < k,(?,hg/up] and D = U, (U, DU UL, D))
cEpE[YUy,] & There exists a path o = cocy.... with ¢g = ¢, forevery m > 1, AD;, € L, D;, such that
Cpy = ¢ > D)y, and Ik > 0, 5.t AD, € UL, Dy, ('khf)sz, Vji,0<j<k, c_,-):f,jwl,
and D = Ui, DU Ul Djs
c):/,')A[g//IRwQ] & For every path o = cyc;... with ¢y = ¢, forevery m > 1, 3AD;, C U, D;, such that
Cm-1 = ¢, > D), and either Vj > 0,3D; € UL, D, c,):/,‘,]tﬁz and Dy = U3 D} UUjz0Dj»
or I 20, IDY € Uiy Dy sit. ey and Vj, 0 < j <k, 3D; S ULy Doy i,
D, =y D;uDy U, D/.D = U, Dy
cEpE[Y 1 Ry,] & There exists a path o = ¢ocy.... with ¢g = ¢, for every m > 1,3AD}, € L, D;, such that
Cumt = ¢ > D), andeither V> 0, 3D; € UL, D, ¢jp 2 and D = U oy DU U Dj
or 3> 0,3D € ULy D; sit. byt and V), 0 < j < k,3D; € UL, Dy i, and

D= D;uDy Ui, D}

Fig. 1. Semantics of CTL

A run of B%; from a configuration pw € P; x I'} is a tree rooted by pw, the other
nodes are labeled by elements of P} X I'}. If a node is labelled by gu whose children are
P1W1, ...y PmWm, then, necessarily, gu — {piwi, ..., pmwn}>D for some D C D;. The run
is accepting iff each branch of this run infinitely often visits some control locations in
Fi. Let L(BP)) be the set of all the pairs (c, D) € P/ xI'f X 291 s.t. BP, has an accepting
run from ¢ and that creates the set of DCLICs D.

4.3 Computing Corresponding Alternating BDPDSs

To perform single-indexed CTL model-checking for DPNs with regular valuations, we
follow the approach for LTL model-checking for DPNs. But, in this case, we need alter-
nating MAs and Alternating BDPDSs, since CTL formulas can be translated to alternat-
ing Biichi automata. We compute a set of AMAs A, ..., A, s.t. forevery i, 1 <i < nand
every local configuration pw of P;, pw Ep fiiff ([p, filw, D) € L(A;). Later, we com-
pute the largest set of DCLICs Z)} such that a DCLIC d satisfies f iff d € D}p. Then,
to check whether a global configuration G satisfies f, it is sufficient to check whether
for every pw € G, there exists D C D’fp s.t. ([p, fomlw, D) € L(ﬂ!’p( p)). To compute
the AMAs, we construct a set of alternating BDPDSs 8% which are synchronizations
of the DPDSs P; with formulas f; s.t. the AMAs we are looking for correspond to the
languages accepted by these alternating BDPDSs BP)s. We first show how to compute
the alternating BDPDSs B%;. Then, we show how to compute the languages of these
alternating BDPDSs B%;s, i.e. the AMAsS.

We fix an index i, | < i < n. We construct an ABDPDS B%; s.t. for every pw €
P! xT7}, pw kEp fiift ([p, filw, D) € L(BP;). We suppose w.l.0.g. that the DPDS #; has
a bottom-of-stack #f which is never popped from the stack. For every a € A#(f;), since
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A(a) is a regular set of local configurations of P;, let M, = (Qq, i, 64, 14, Acc,) be a
MA s.t. L(M,) = A(a) x {0}, and M_, = (Q-u, I, 6-4, -4, Acc—y) a MA s.t. L(M-,) =
(PixI'7\ A(a)) x {0}, i.e., the set of configurations where a does not hold. To distinguish
between all the initial states p in M, and M_,, we write p, and p_, instead. W.Lo.g., we
assume that the set of states Q,s, and Qs are disjoint for every a € At(f;).

Let BP; = (P}, I;,4;, F;) be the ABDPDS such that P} = P; X cl(f;) U Ugear(s)(Qa U
0-0); Fi = Pi X clr(f7) U U geay s (Accq U Acc—,); and 47 is the smallest set of transition
rules s.t. for every control location p € P;, every subformulay € cl(f;) andeveryy € I';,
we have:

. ity = a or = —a, where a € At(f;); [p, ¥y — {pyy} € 4};

. 1f¢ = Wl A ¢2; [p7 'ﬁ])’ — {[P’ lﬂl]% [p7 '702]'}/} € A:;

ity =y Vs [p.yly = Alp, Yaly} € 47 and [p,yly <= {[p, vyt € 45;

ity = EXyus [poyly < AP ¢lw} > {p”o’} € 47 if py = pwr p’o’ € 43
[p.¥ly = [P, ¥1lw} € 4] if py = p'w € 4;;

5.0y = AXy; [p.yly = {lp'.¢lw | py = porp’o € 4> {p”"o" | py &

pw>p’d €} e

6. if ¢ = E[y1Uynl; [p,¥ly = {[p,¥2ly} € 4], and [p, ¢y = {[p,y1ly. [P, ¥]w} >

{p"w'} € 4] if py = p'or p’w € 4, [p,yly <= {lp,¢1ly.[p'.¢lw} € 4] if

py o pwedy

7. ity = Ay Uyal; [p,¥ly = {[p.y2ly} € 4] and [p,¥ly < {[p.yaly. [P, ¢¥lw |
ppr/wbprrw/ GA,'}D {p”(l)/ |ppr/w>prrwr EA,‘} €A;,

8. if Y = E[y1Rya]; [p, ¢ly = {lp, ¥aly, [p, ¥1ly} € 4}, and [p, ¢y <= {[p,¥2ly,
[P ylwl>{p”w'} € A7 if py = p'w>p"w’ € 4;, [p,yly = {[p,y¥2ly. [P’ ¢lw} €
A} if py = p'w € 4;;

9. ify = Aly1Rynl; [p, ¥ly <= {p, 21y, [p. ¥1ly} € 47 and [p, ]y — {[p, ¥2lv,
[P ¥lw | py = pPwep’o €4} > {p”"o | py = p'wr p’w €} €4].

B W N =

10. for every transition (q1,¥, g2) in Ugear£)(0a Y 6-0); @17 < {qa2€} € 4,
11. for every g € Ugear)(Acca U Acc-a); qff = {qi} € 4.

For every pw € P x I'{, BP; has an accepting run o from [p, filw and D is the set
of DCLICs created by o iff pw Ep fi. The intuition behind each rule is explained as
follows.

If ¢ = a € At(f;), for every pw € P, X TI'}, pw satisfies  iff BP; has an accepting run
from [p, aJw. To check this, BP; moves to the initial state corresponding to p in M, (i.e.
Pa) by Item 1 allowing to check whether M, accepts w. Then the run of 8%, from p,w
mimics the run of M, from the initial state p. Checking whether M, accepts w is ensured

by Item 10. If BP is at state ¢; with y on the top of the stack and g, AN q> is a transition
of M,, then BP; pops y from the stack and moves the control location from ¢ to ¢».
Popping y from the stack allows to check the rest of the stack content. The configuration
pw is accepted by M, iff the run of M, reaches a final state g € Acc,, i.e., the run of
BP. from pw reaches the control location ¢ with the empty stack, i.e., the stack only
contains f#§. Thus, B should have an infinite run from g which infinitely often visits
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some control locations in F;. This is ensured by adding a loop on the configuration g}
(Item 11) and adding ¢ into F;. The case ¢ = —a s.t. a € At(f;) is similar.

If Y = i1 A Yo, then, for every pw € P, X I'}, pw satisfies i iff pw satisfies ¢ and
¥». This is ensured by Item 2 stating that B} has an accepting run from [p, ¥; A y¥2]w
iff BP has an accepting run from [p, ¢ ]w and [p, Y2 ]w. Item 3 is similar to Item 2.

Item 4 expresses that if ¥ = EXy, then, for every pyu € P; X I'f s.t. y € I';, pyu
satisfies ¢ iff there exists a transition t} = py — p‘w € d;ort, = py = p'w> p’v’ €
4; such that p’wu satisfies ;. Thus, BP; should have an accepting run from [p, y]yu
iff BP; has an accepting run from [p’, ¥ Jwu. Moreover, if , is the fired transition rule,
the created DCLIC p”«’ should also be created by B8%;. Item 5 is analogous.

If ¢ = E[y1Uyr], then, for every pyu € P; X I'; s.t. y € I';, pyu satisfies  iff either
it satisfies ¥, or it satisfies ; and there exists a transition t; = py — p’w € 4; or
ty = py = p'w> p”w’ € 4; such that p’wu satisfies . Thus, BP; has an accepting
run from [p, ylyu iff either BP; has an accepting run from [p, ¥]yu or BP; has an
accepting run from [p, ¢ ]yu and [p’, Y ]wu. This is ensured by Item 6. Moreover, if 1,
is the fired transition rule, the created DCLIC p”«w’ should also be created by 8. The
case ¥ = A[yUy,] is analogous.

Item 8 expresses that if & = E[yRy»], then, for every pyu € P; X I'f s.t. y € I},
pyu satisfies i iff it satisfies i, and either it satisfies also i1, or there exists a transition
ty = py & pwe diorty = py — p‘wr p”w € A4;such that p’wu satisfies .
This guarantees that ¢, holds either always, or until both ; and ¢, hold. The fact that
the state [p, ] is in F; ensures that paths where i, always hold are accepting. If 1, is
the fired transition rule, the created DCLIC p”w’ should also be created by 8%;. The
intuition behind Item 9 is analogous to Item 8. Then, we obtain the following lemma.

Lemma 3. Forevery i, 1 <i < n, we can compute an ABDPDS BP; with O(|P,| - |fil +

Zacanfy(Qal +10-aD) states and O((I1P| - [Tl + |AiDIfil + Zaears,)(10al +10-al)) transition
rules such that for every (pw, D) € P; X I'! X 2P pw Ep f; iff ([p, filw, D) € L(BP).

4.4 Computing L(BP))

Letus fix an index i, 1 <i < n, the AMA A, we are looking for corresponds to L(BP)).
To compute this language, it is insufficient to simply compute the set of configura-
tions from which B£; has an accepting run, since we also need to memorize the set
of DCLICs created during the run of B8%;. To this aim, we follow the automata-based
approach for CTL model-checking of PDSs presented in [20]. We first characterize the
set L(B%;), then we compute the AMA A’ such that L(A) = L(BP;).

Characterizing L(8%)): To characterize L(B%;), we introduce the function pregp: :

RPIXTA y pPIXITXEY a5 follows: pregp:(U) = {(¢, D) | ¢ i {c1, s} > Do, ¥ :

1 < j < m(jDj) € UandD = ;"zoDj}. The transitive and reflexive clo-
sure of pregp: is denoted by preg,,. Formally, pregy,,(U) = {(c,D) | (¢,D) €

U orthere exist ¢y, ...,cp 8.t ¢+ {cl, o0} > Do, ¥j 1 1 < j < m,(cj,Dj) €
pre}‘BP;(U), and D = U’}’:O Dj}. Let pre;;P;(U) = pre;;P;(preBp;(U)).

Let Ygp: = (1 ¥ where Yo = P; X I't X {0}, Y11 = pref, (Y; 0 Fi x I't x 2%
for every j > 0. Intuitively, (c, D) € Y; iff BP; has a run from ¢ s.t. each path of this
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Algorithm 1. Computation of Ygp:.

Input : An ABDPDS BP, = (P,, I, 4, F});

Output: An AMA A; = (Q;, 1, 6;, I, {qy)}) s.t. L(A)) = Yap;
1 Letk:=0,6; := {(qy, 7,0, {qf}) forevery y € I';},and Vp € P}, p° := qy;
2 repeat we call this loop loop,

3 k=k+1;
.. 0 .
4 Add a new transition rule p* i>,~ {p*""}in 6; for every p € F;;
5 repeat we call this loop loop,
6 For every py — {p\wi, ..., ppwp} > D in 4},
wi/D;
7 and every case p’/‘.—i/—’ff Rijforall j, 1<j<h
}’/Duuh, D;
8 pr——"5 UL R;ing;
9 until No new transition rule can be added,
10 Remove from &; the transition rules p* = </ ApE), Vp e Fy;

11 Replace in §; transition rule p* — /D ; Rby p* 1= Y/D a(R),Vp € P,yerl,RC QO

D
12 untilk > 1 and Vp € Py € [LRC P, x {k}Ulg1.D € D, p* 25, Re s iff

P 8 R) € 6

run visits accepting control locations at least once and D is the set of DCLICs created
during this run. (¢, D) € Y; iff B; has a run from c s.t. each path of this run visits some
control locations in F; at least j times and D is the set of DCLICs created during this
run. Since Ygp, = (51 ¥}, for every (¢, D) € Ygp, BP; has a run from c s.t. each path
visits some control locations in F; infinitely often and D is the set of all the DCLICs
created during this run. Thus, we get:

Proposition 3. L(BP)) = Ygp.

Computing Ygp:: We show that Ygp, can be represented by an AMA A; =
Qi I, 61 1,

Acc;) where Q; € P; X N U {g,} and g/ is the unique final state, i.e., Acc; = {gr}. Let
¢* denote (¢, k) € P; X N. Intuitively, to compute Ygp;, we will compute iteratively the
different Y;s. The iterative procedure computes different AMAs. To force termination,

we use an acceleration based on the projection functions 7~! and *: for every S C Q;,

q“ | ¢! €S}Ul{gstifgresS ordg' €8,

1oy —
m(8) = “ | ¢ es) else.

mS)={g" | Jj 1< j<kstq €StUlgs | greS}.

Algorithm [l computes an AMA A; recognizing Ygp:. Let us explain the intuition be-
hind the different lines of this algorithm. Let Ay be the automaton obtained after the
initialization (Line 1). It is clear that A accepts Y. Let A; be the AMA obtained at step
k (a step starts at Line 3). For every p € P, state P denotes state p at step k, i.e., Ay

k w/D* {

recognizes a tuple (pw, D) iff p*—=7 {g}. Suppose the algorithm is at the beginning
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of the k' step (loop;). Line 4 adds the e-transition p* <= </0 i {(p¥!) for every p € F..
Then, we obtain L(Ax-1) N F; X I'7 X 29 loop, (Lines 5- 9) is the saturation proce-
dure that computes prey, ,(L(Ak_l) NF;xTI?x 299, Line 10 removes the e-transition

BP’(L(Ak DNF;x T %29,
Thus, in case of termination, the algorithm outputs Ygp:. The substitution at Line 11 is
used to force termination. Thus, we can show the followmg theorem.

pr i {p¥=1} for every p € F;. After this, we obtain pre

Theorem 6. Algorithm I always terminates and produces Ygp:.

Proof Sketch. The proof follows the proof of [20]. Algorithm 1 follows the idea of
the algorithm of [20]. computing an AMA recognizing the language of an ABDPDS
when transition rules are in the form of py — {p|wy, ..., prwp}, i.e., D; = 0 . The main
differences are:

To compute preg, (L(A-1) N Fi X7 X 2%1), instead of using the following saturation

procedure given in [21] that computes reachable conﬁgurations of Alternating PDSs:

0
If py = {p1wi, ..., puwp) € A;and pi—=7 R, for j, 1 < j < m, add p* — 1

U;L]Rj in 6,’.
We use the following saturation procedure:
Ifpy = {p1wi .o pron) > D € A and ph=2228% Riforj, 1 < j < h, add

k—>7/DUU77]D‘ | Rjin ;.

The idea behlnd our saturation procedure is the following: suppose py —
{p1w1, ..., prwp} > D € A} and for every j, 1 < j < h, (pjw;w’, D)) is in L(A;_|) N
FixIx22 (e, pi-2285 R,-<253 g and D; = DU D). Then, Lines 3-6 add the

. « YU, D)
new transition rule p* —————;

ie., (pyw’,D U U \Dj) € pre

i U] | R that allows to accept (pyw’, DU U

8¢)/({(plwlw 7Dl)7"'7(p]ij 5Dj)})' O

Complexity. Following [20], we can show that loop; can be done in time O(|P;| - |47] -

24PiI+DIy The substitution (Line 11) and termination condition (Line 12) can be done

in time O([| - |P}| - 22Pi+1P1) and O(|T"}| - |P}| - 2"Fi+1P1), respectively. Putting all these

estimations together, the global complexity of Algorithm[Ilis O(|P}|*-|4!|- |I";|-25P+121),
By Proposition 3land Theorem[6] we get:

Lemma 4. Given an ABDPDS BP;, we can construct an AMA A with O(I| - |P}] -
2Dy transitions and O(|P})) states in time O(IP - || - [ - 29F+D1) 5.1 L(BP)) =
L(A).

From Lemmaland Lemma[3] we get:
Lemma 5. We can compute AMAs A, ..., A, in time O(X;_, (1P| |fil +k)%-((|Pi|- T3 +
lADIS] + d) - || - 22PHERDY) s ¢ for every i, 1 < i< n, pw € P; X I't, pw Ep fiiff
([p, fil, D) € L(A)), where k = ¥ enn r)(1Qal + 10-al) and d = ¥ ey (10al + 16-al)-

4.5 CTL Model-Checking For DPNs with Regular Valuations

By Lemma 3] we obtain a set of AMAs {Al,..., A} s.t. forevery i, 1 <i < n and
every local configuration pw € P; X I'!, pw Ep f; iff ([p, filw, D) € L(A}). Following
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the approach for single-indexed LTL model-checking for DPNs, to obtain an efficient
procedure, we compute the largest set D}p of DCLIC:s s.t. for every d € ., D;, d
satisfies f iff d € D}p. Then, to check whether a global configuration G satisfies f, it is
sufficient to check whether for every pw € G, there exists D C D}p s.t. ([p, folw, D) €
L(ﬂ;o( 0)- Z)}p can be computed as done in Section[3.21 We can show that:

Theorem 7. We can compute AMAs A, ..., A, in time O(X_, (1P| - |fil + k)2 - (P -
\Ti| +1AiDIfi| + d) - [Ty| - 22WPHEHROHDY) 5 ¢ for every global configuration G, G satisfies f
iff for every pw € G, there exists D C D}p such that ([p, folw, D) € L(.?I’@(p)), where
k=3 aeansn(1Qal +10-al) and d = ¥ yenr s ([0al + [6-a)).
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